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ABSTRACT

A method for providing systematic, diabatic corrections to the Born-
Oppenheimer approximation 1s presented. We begin with an adiabatic expansion
of the exact vibronic wavefunction and, via the mulecular Hamiltonian, develop
expressions for the diabatic terms 1n the Schrodinger equation. We then
derive recursion relations which allow one to i1ntroduce the diabatic inter-
actions to any desired degree of approximation. As an example, the first
approximation (beyond the Born-Oppenheimer approximation) 1s discussed
explicitly. In passing, we also assess some of the common misconceptions

assoclated with the Born-Oppenheimer approximation.
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« Although 1t has been sixty years since the publication of the Born-Oppen-
heimer (BO) analysis of vibronic states [ 1], there still exists considerable
confusion 1n the literature over the realm of applicability of the B0 approxima-
tion, as well as over methods of going beyond this approximation in treating

the problem of vibronic interactions. Ozkan and Goodman [ 2] have provided

7 review which goes far in clarifying both the terminoclogy and methodology

of the vibronic coupling problem. Moreover, these authors [2] have presented

the beginnings of a systematic ansats for generating successive refinements

tn the BO approximation which, in high orders, should presumably converge

to the exact solution.

The Ozkan-Goodman treatment is marred from the outset, however, by a
tacit neglect of diabatic interactions. In the present paper, we rectify

this neglect by extending the earlier treatment to 1nclude diabatic correction

terms.

In Section 2 we provide a short (and traditional) recapitulation of
the adiabatic expansion, and show how this expansion truncates to the BO
approximation when diabatic effects are small. In passing, we also
provide clarification of some common misconceptions which exist in the
usual discussions of the BO approximation. In Section 3 we develop
systematic corrections to the BO approximation by introducing successive
refinements (via recursion relations) to the diabatic correction terms.
And, finally, in Section 4 we explicitly study the first—order diabatic

correction, and present the relevant eigenvalue problem.

for clarity, we restrict ourselves throughout to the consideration of
nondegenerate electronic states only. A generalization of the present treatment
to include, for example, Jahn-Teller [ 3,4) and Renner-Teller [4,5] effects

1s not difficult, however.

2. THE ADIARATIC EXPANSION

We consider a neutral molecule possessing N nucler and n electrons, with
nuclear coordinate vectors Qg and electron coordinate vectors q; - Collectively,
these vectors are denoted Q: = (Ql, ey QN) and q: = (ql, ceey qn). The
mass and atomic numbers of the& th nucleus are mg and 2y, respectively,

and we choose units such that-®f =m = e = 1.



In the absence of any external field, the (nonrelativistic) molecular

Hamiltonian 1s
R(q,Q) = T + H(q,Q), "

where
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1s the electronic Hamiltonian. For each fixed internuclear configuration

Q, the electronic Hamiltoman satisfies the Schrodinger equation

H(q,a) 9.._(4,,50 = EpdQ) ek-.“y’&\; (2)

where Eﬁ((q,O) is the wavefunction of the kth electronic state and Ek(Q)
18 the corresponding elecironic eigenenerqy for the internuclear configura-
tion Q.

Since Q can be varied continuously, Eq. (2) represents an infinite set
of differential equations. Furthermore, the setiﬁ;k(q,Q)} of all electronic
wavefunctions with internuclear configurations Q forms an orthonormal eigen-
basis (which we assume to possess continuous derivatives of all orders with

respect to Q).

Eqg. (1) is the exact ro-vibronic Hamiltonian, including translation of
the center of mass (but neqlecting spin-orbi1t effects). It is conventional
at this point to separate out the translational and rotational degrees of
freedom, and to assume that there are no rotational-vibrational and rotational-
electronic interactions. The resulting Hamiltonian is then termed "vibronic",
and 1s usually expressed in normal vibrational coordinates. For generality,

we do not effect a separation of translational and rotational degrees of



freedom. However, since the vibrational degrees of freedom are what we are
mainly concerned with, we persist in referring to Eq. (1) as the "vibronic"
Hamiltonian, and to the states of this Hamiltonian as "vibronic" states,

for simplicity.

The total Schrodinger equation 1s

R4, Y (q,Q) = WEL,Q), (3)

whereiiﬂq,ﬂ) 1s the vibronic wavefunction and W 1s the corresponding vibronic

energy. [xpansion of‘I’(q,U) in terms of the ejgenbasisiek(q,[])a gives

o0
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where the expansion coefficients xk(ﬂ) are defined by
*
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Eq. (4) 1s the "adiabatic expansion” of the exact vibronic wavefunction.

If we now substitute Eq. (4) into Eq. (3), left-multiply byG;(q,Q) and

integrate over all g-space, we find

o0
[TCQ) + En@) ] Xn(Q) = W, (Q) - 2:4/\,%(@) Xp@,(5)

where

and

Gopiy o (Q) = <8, | B e,t«,,m)qv

+ 248, (q,Q)) %89,V * O



Eq. (5) 1s the exact vibronic Schridinger equation: No approximations have
been made up to this point. The second term on the right-hand-side of Eq. (5)
represents the diabatic interactions, which provide contributions to the
total vibronic energy from vibrational wavefunctions ¥, (Q)[k#n] other than
the (nominally) dominant functionjzn(ﬂ). These 1nterstate couplings arise
from our representation of the exaclt vibronic wavefunctionii(q,a) by an

expansion in the adiabatic basis§ﬁ9k(q,05}.

The Born-Oppenheimer (or "adiabatic'") approximation results when we neglect
all diabatic interactions. In the usual jargon, cne assumes that because
of the disparity between electronic and nuclear masses, the electronic wave-
funct ions Gk(q,Q) are slowly-varying functions of Q. Thus,3~9k(q,0)¥ 0

for every k and, from Egs. (9 and 10), Ank:= 0 for every n and k. In this
case, Eq. (5) becomes

[T@ + EA Q@] X,(Q) = W, Xn (@), (6)

This equation represents a sct of differential equations, each with a different
effective potential En(Q)' The solution of these equations yields the vibrational

ejqenfunctlonsixnv([))} and the corresponding vibronic eigenenergies{wmk ’

LT + B, @ 1%, (@) =W,y Xy (Q),

where v denotes the vibrational state and n the electronic state.

If we right-multiply Eq. (6) by 9,‘((1,0), we find [cf. Eq. (2)]

&CQ,&)@?\‘)(:‘,Q\ = wn*{)io 4,Q), (7)

where

$7°0q,8) = XnlQ) 8, (q,Q) .

Thus, the BO approximation forces the adiabatic expansion [cf. Eq. (4)] to
collapse to a single term, and the mixing of different vibronic states is

thereby precluded.

At this point one sti1ll cannot solve Eq. (6) analytically since the

effective potentials En(Q) {cf. Eq. (2)] themselves are not known analytically.



It is customary to introduce a "crude adiabatic" expansion of the BO wave-

function about an equilibrium internuclear configuration QO:

bt ”
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Substituling Eq. (8) into Eq. (7), left-multiplying by® *(q,q ) and integrating
) m o

over all q-space, we find
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If we now restrict our attention to a region of Q-space which is infinitesimally

close to QO, we find from Lq. (9) that

97 (@) ¥ Bien Xy Q).

This is the "crude adiabatic" (CA) approximation [2]. Under this approximation,

tq. (B) becomes

B0 - LA
Y q,a) ¥ “i’i (4,8) = X,4(Q) 8,4,4,),

and Fq. (10) reduces to

LTea) + % Q)] %,(Q) = W,, X,(Q). (11)

Since Eg. (11) 1s valid only near Qn, we may make a Taylor-series expansion
()f)#ln(Q) about QU and truncalte after Lhe quadratic term. Assuming that

Fn(Q) possesses a minimum at Q_, we have



N
Hon (Q) = EnlQQ) + -1-“2; 13,3 Hopn (V)
=4

x (Qa"Q«‘o )(Qp"@fs,a), (12)

where the subscript "o" indicates evaluation at Q = QO. Substitution of

Eq. (12) 1nto Eq. (11) constitutes the "harmonic" approximation. (The reader
should note, however, that the CA approximation implies the harmonic approxima-
tion. Thus, the introduction into Eq. (11) of higher-order terms in the

series expansion uf)ﬂﬂj(ﬂ) would be 1nconsistent.)

There 1s great potential for confusion 1n comparing Eqs. (5 and 6) with

Egs. (10 and 11). This is further compounded by rewriting Eq. (5) as

00
L TLQ) + Vo (@) X1 (R) = W X, Q) = 2 A, Q) Xjp@) 1)
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tven though Egqs. (10 and 13) are formally similar, Eq. (13) is exact while

fq. (10) follows from Eq. (13) by imposition of the BO approximation. The

second term on the right-hand-side of Eq. (13) implies a diabatic coupling

of adiabatic (i.e., Born-Oppenhcimer) stales; the second term on the right-

hand-side of Eq. (10), however, implies an adiabatic coupling of crude adiabatic

states, all within the BO approximation. (This second statement does not
preclude avoided crossings of CA potential energy surfaces. It does show,
however, that avoided crossings calculated on the basis of Eq. (10) do not

reflect a breakdown of the BO approximation.)

[f we assume that the off-diaqgonal elements of the diabatic coupling
aperratar can be neglected (this 1s the zeroth-order limit of the "weak coupling”

approximation discussed 1n the next Section), Eq. (13) becomes

[T + Vin CAN] X, Q) = WL Q) . (14)



This result should be compared to Eq. (11). As discussed above, the potential
)ﬁwj(ﬁ) of Eq. (11) cannot be expanded i1n a Taylor series beyond the harmonic
term since this would contradict the CA approximation upon which Eq. (11)

1s based. No such difficulty arises with Eq. (14), however. Diagonal diabatic

effects, then, can immediately incorporate anharmonic corrections to the

CA potential energy surfaces.

A point of terminology now arises. We have so far consistently used the
phrase "Born-Oppenheimer approximation" synonymously with "adiabatic approxima-
tion'" (1.e., neglect of all Ank coupling elements), which is in accord with
the spirit of the original paper by Born and Oppenheimer [1]. This approximation,
1n turn, implies the factorization of the vibronic wavefunction [cf. Eq. (7)].

It 1s quite common (see, for example, [2,4]) to assume (at least implicity)
that this factorization is equivalent to the BO approximation, which it

is not. Eq. (14), for example, will also give rise to a factorized vibronic
wavefunction; this equation goes beyond the BO approximation, however, since

1t 1ncludes diagonal diabatic effects.

The BO approximation breaks down whenever the Ank coupling terms cannot
be neglected. In the particular case i1n which a vibronic state i1s degenerate,
no matter how small the A”k terms are (as long as they are not identically
7ero. which can never be the case physically) they still remain effective
in splitting the degeneracy, thus giving rise to Renner-Teller [4,5] and
Jahn-Teller [ 3,4] effects. This is, of course, a symmetry breaking phenomenon.
In the next section, we provide a recursive ansatz for generating systematic
corrections to the BO approximation. This ansatz is a diabatic extension
of a theory developed by Czkan and Goodman [ 2] for recursively correcting
the solutions of E£q. (11) to account for the off-diagonal effects of Eq. (10).
Thus, the Ozkan-Goodman treatment gives ’}CA—"}BO in high orders. In what
follows, we develop recursive corrections to the solutions of Eq. (6), which
account for the diabatic effects of Eq. (5). Our treatment, therefore, gives

qu—O"I’ , the exact vibronic wavefunction, in high orders.

3. DIABATIC CORRECTIONS 70 THE BO APPROXIMATION

We begin by deriving a recursion relation for the diabatic operators

. 8] _ , . _ -
Ank' Expanding aNGL(q,Q), p = integer, 1n a Taylor series about Q = QO gives
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where t 1s dictated by the desired accuracy of the calculation. This equation

may be recast 1n terms of the recursion relation
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1n which the zeroth-order approximation, namely Ank:i Agz) = 0, is simply

the BO approximation. This recursion relation, however, provides a means

of systematically correcting the BO approximation, as we will now show.

We return to Eq. (5) and write it in the form

ET *EY\ + Aﬂﬂlxﬂ(Q) + gﬂAﬂhxhéQ> = W xr\(Q3 )

where we have omitted an explicit denotation of the Q dependence of all
operators for convenience. Relabeling the indices as k-# R, n—$k and re-

arranging gives
{T + Eh + Ahk_lxhc‘fﬂ + Ah.nxn (Q3

2L Apg Ng(Q) = WX Q),
Lik,n
which may be solved formally ﬁn??&(u) as follows:

' -
Xl = [W-T-EBe-Ar]l AL, X,(@Q)
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+ W -T-Er-Agp]l 1} A\Qg_ Xe(Q). (s
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befining the vibrational energy as eh(Q) = W—En(Q) and the elertronic ¢ .ergy
difference between the coupled states n and k as AEnk(Q) = En(D)—Lk(Q),

we find

_ -A -4
IW-T-Er-Akke]l = (BB~ LT+A-€,])

e
a1 T €T - £ AT

Substitution of this operator identity i1nto Eq. (18) gives (after some

tedious algebra)

XY = A, XnCQY/AE +iﬁﬁna%a<m/am

+ [ TeAge-€n) X () /AB,, -



- 10 -
which may be recast as a recursion relation Forﬁzk(ﬂ), k # n:

(o)
Y Q) = A X lQ@/AE,, + S A Ky c«n/m;’,,,E
Lik,n

b [T+ Age - €n 1% ta Y/ AE,e 5 a9

where x&o) = 0, k # n. Thus, the zeroth-order approximation 1s simply the

BO approximation. The first-order approximation is
(43
(Q) = Ah‘n xnCQ\/AE-*nh_ .

If we now replace A by Air) [cf. Eq. (17)], we generate an approximation
for% (Q) of the Form’x(r S7(Q). Thus, to first order in both r and s, we
have

x @y = A X (@ /BEpg

The rate of convergence of Eq. (19) obviously depends upon the strength
of the diabatic coupling. For the case 1n whichlﬁfk(ﬂ)l<< \ﬁ%(@)\, for every
k # n and for every Q, the recursion relation will converge rapidly. We
mav then speak of a predominant electromic state n which 1s weakly coupled
to electronic states {k} via small (but nonzero) off-diagonal diabataic
operators. We are thus left with the problem of determining 2%(0), which

is the topic of the next section.

4. CALCULATION OF VIBRONIC ENERGIES AND WAVEFUNCTIONS TO FIRST ORDER

-

Introducing the recursion relations of Egs. (17 and 19) into Eq. (5),

we have

[Ta) + EL Q) ¢+ AS\?\ 1%, (e

(
. 2 ('(‘) >$>(Q> - \I\)%T\(Q) . (20°
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To first order (r = s = 1) this becomes

[Ty + B cQ\+Am1% Q)

+h§. IA‘:;\ Xn(Q/AE,, = WX, Q) )

Defining the operator

A) )
Kn Q) = TCa) + E, Q) +A,, + 2~|A~ )/A Evr >
REn
Eq. (21) reduces to the following eigenvalue problem:

K Q) Xy lQ) = WXACQ) - (22)
The "potential" term of K (Q), namely
D
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Calculation of the vibronic wavefunotlon in this approximation gives

2
-1-"' 2 (4/AE_nt¢)\2m {8,4q,a)\ (3, an,m] a\ (23)

4,0
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E,;‘ (24) shows exPl mﬂ:ly‘ the a&m,ctum ol electrunic states determined

by the diabatic interactions.

Eq. (22) 1is, of course, analytically intractable in the absence of
additional simplifying assumptions. In the usual case, one expects that
the dominant effect will be the coupling of two electronic states
through the action of one internuclear degree of freedom (i.e., one
normal mode). This results in the truncation of each summation in Eqs.
(21, 23 and 24) to a single term. At any rate, all of these
differential equations can be attacked numerically, especially since the
advent of ab initio gradient methods [6] designed specfically for the
study of diabatic interactions. The recursion relations presented here,
however, provide an analytic base for investigations into the breakdown
of the BO approximation.

5. CONCLUSIONS
' We have presented explicit, systematic corrections to the Born-Oppenheimer
{B0) approximation which fully incorporate all diabatic effects. These correc-
tions may be carried out to an arbitrary degree of accuracy via recursion
relations. (The recursion relations developed here are diabatic extensions

nt similar relations given by Ozkan and Goodman [2].)

In the development of our correction ansatz, we have also provided a
discussion of the relationship between the B0 approximation and the crude
adiabatic (CA) approximation. In particular, we have shown that the "vibronic
coupling" corrections to the CA approximation do not imply a breakdown of

the BO approximation, as is commonly assumed [2]. °
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