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ABSTRACT

The Lotka-Volterra (LV) model of oscillating chemical
reactions, characterized by the rate equations

has been an active area of research since it was originally
posed in the 1920s.  In this Review, we present a simple
transformation which reduces the two-dimensional LV
system to a one-dimensional system modeled by a
second-order nonlinear autonomous ordinary differential
equation.  The formal analytic solutions to the LV
problem are then derived for the first time.  An
introductory analysis of these solutions is given which
leads to the development of an LV-related family of
dynamical systems.  Analytic solutions to this family of
differential equations are presented, for certain cases, in
terms of known functions that exhibit oscillatory
behavior.  The Hamiltonian nature of both the LV model
and the related family of differential equations is
developed, and future extensions of this treatment are
discussed.

1.  INTRODUCTION

In this Review, we present analytic solutions to the
Lotka-Volterra (LV) model for sustained chemical
oscillations.  During the analysis of these solutions, a
family of LV-related nonlinear autonomous ordinary
differential equations, all of which can be solved

analytically (some in terms of known functions) are
developed.  The Hamiltonian forms of both the LV model
and its related family are explored in order to gain more
insight into the nature of dynamical systems which
possess invariants.

An oscillating chemical system is one in which some
macroscopic feature of the system undergoes periodic
temporal or spatial variations.  (The LV system, for
example, exhibits sustained oscillations in time.)  In
recent years, an increasing amount of attention has been
paid to oscillating chemical reactions because of the
discovery of oscillatory homogeneous biochemical and
inorganic systems [1,2].

Although much research has been done on the nature
of oscillating systems, such as the study by Prigogine and
co-workers on the thermodynamic and kinetic
requirements for the existence of oscillations [3,4], little
is known analytically about such systems.  This lack of
knowledge is a result of the complexity of the differential
models used.  Thus, the development of a systematic
technique for the solution of a set of n nonlinear first-
order differential equations could lead to new insights
into the nature of conservative systems which possess
sustained oscillations.  Because of the highly nonlinear
nature of the differential equations used to model
chemical oscillators [5,6], much of the current research
has been aimed at analyzing the qualitative behavior of
the rate laws (e.g., [7]). The qualitative properties of
differential equations, including the requirements for a
system to be considered conservative, will  be discussed in
more detail in Part 2, and applied throughout the
remainder of this work.  In Part 3, reaction schemes used
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to model some common chemical oscillators will be
described, and the phenomenological rate laws will be
developed.  

In Part 4, we present a method which allows a two-
dimensional nonlinear conservative system, namely the
LV model, to be reduced to a one-dimensional system
modeled by a second-order nonlinear ordinary differential
equation.  (The generalization of this method to systems
with dimensionality greater than 2 is briefly discussed in
Part 6.)  The main reasons for the choice of the LV model
for our study are that it is the simplest known model of a
two-component system which exhibits sustained
oscillations, and it has wide applicability in many fields.
The analytic solution to the LV model, which is presented
in Part 4, has a doubly periodic nature which implies that
it represents a new type of elliptic function.  An
introductory analysis of this function is presented in Part
5 in terms of the analytic solutions to a LV-related family
of differential equations.  This family, which appears
initially to be more complicated than the LV model, is
capable in some cases of being solved analytically in
terms of known functions, with the solutions representing
approximations to the solution of the LV system.

The Hamiltonian form of the LV model is
investigated in Part 4, leading to the definition of a new
Hamiltonian in a four-dimensional phase space.  A brief
discussion of the further extension of this Hamiltonian to
n-dimensional systems is presented in Part 6.  The LV-
related family of differential equations is also shown to
possess a Hamiltonian,  although the function constructed
is not a traditional Hamiltonian. 

2.  DYNAMICAL SYSTEMS

A.  Qualitative Properties of Dynamical Systems

A dynamical system, by which any homogeneous
chemical reaction is modeled [8-10], consists of a set of
first-order ordinary differential equations.  In this Section,
we present a review of the qualitative properties of such
systems.  (A qualitative property, such as stability, of a
dynamical system is one which may be determined
without explicitly solving the system.)  The mathematical
results presented here will be used throughout the
remainder of this work.

Consider a system of first-order ordinary differential
equations (ODEs) represented by

where . By allowing x1, ..., xn to be com-
ponents of a n-dimensional vector x, eq. (2.1) can be

written as

where f(t,x) is a vector-valued function.  In order to be
well defined, eq. (2.2) requires that the function f be
continuous in both the one-dimensional real Euclidean
space of the scalar (t 0 ú) and the n-dimensional real
Euclidean space of the vector (x 0 ún).  The function f
maps an open subset G of ún+1 to ún, which can be
written symbolically as f:G6ún where G d ún+1 [11,12].

A solution to eq. (2.2) is a function N(t) which is
defined on an interval I of the t-axis (Idú), such that
N:I6ún is continuously differentiable and N(t) satisfies
eq. (2.2) [12].  The solution of eq. (2.2) is the curve '
lying in region G, where each point of the curve has the
coordinates (t,N(t)), and where the tangent to ' at each
point is represented by f(t,N(t)) [11].

One of the most important conditions that f(t,x) must
satisfy is the Lipschitz condition for continuous
differentiability.  The condition for a function to be
Lipschitz continuous in the neighborhood of a certain
point p0 is that

where L is a constant and 2r2 is the Euclidean length
(norm) of the vector given by

and where x, x! belong to a bounded domain Dd ún

[13,14].  The neighborhood of a point p0 defined by the
coordinates (t0,x0) in ún+1 [p0 := (t0,x0)0ún+1] is the set of
points N(t0,x0) satisfying the conditions that for every
(t,x), , t - t0 , < J and 2x - x02 < D, where J and D are
positive constants.  A boundary point of G is defined as
the point (t0,x0) in ún+1 such that every neighborhood of
(t0,x0) contains both points in G and points outside of G.
The set G d ún+1 is open if and only if it contains none of
its boundary points, and is closed if it contains all of its
boundary points [11].

The requirement of Lipschitz continuity in the
neighborhood of the point p0 implies that there exists a
unique solution to the initial value problem, namely, the
problem of finding a solution to eq. (2.2) which satisfies
the condition N(t0) = x0 [12-14].  This existence-
uniqueness theorem may also be stated as follows:  there
exists one and only one solution x = N(t,p0) of eq. (2.2)
which satisfies the initial condition N(t0,p0) = x0 if f(t,x)
and its first partial derivatives Mf/Mxi are continuous in G
d ún+1.  Thus, each solution N(t,p0) exists and is
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Fig. 1.  Example of a trajectory which shows Lyapunov stability.

continuous on some interval I d ú containing t0, and
every solution is continuous with respect to variations in
the values of the initial condition p0 [11,15].

If eq. (2.2) is autonomous, f is not an explicit function
of time:

This is a special case of eq. (2.2), where the domain of f
is some real n-dimensional region (G d ún) instead of an
(n+1)-dimensional region.  Throughout the remainder of
this discussion, f(x) and its first partial derivatives will be
assumed to be continuous so that the existence-
uniqueness theorem discussed above applies.  If, for aid
of visualization, we assume that eq. (2.5) governs the
motion of a physical system, then the components of x
may be viewed as the generalized coordinates for the
system.  This set of coordinates, {xi , i = 1,…,n},
constitutes the configuration space for the system.  The
solution curves for this system, referred to as trajectories
or orbits, represent the history of the positional variations
of the system, since the position x of the system at any
given time will lie on one of these trajectories [13].  The
trajectory that the position x moves along as time
advances is determined by the initial conditions chosen
for the system.  

The velocity of the point x at any given time along the
trajectory is the tangent vector to the point [i.e., eq. (2.5)].
Thus the solution to eq. (2.5) can be viewed as a point
moving along a curve in an n-dimensional space with a
position dependent velocity given by eq. (2.5).  (By
convention, the orientation of trajectories is in the
direction of increasing time.)  A trajectory which passes
through the initial point x0 0 ún represents an infinite set
of solutions {N(t+c,x0) , c 0 ú} which differ from each
other in phase.  The invariance of the solutions of
autonomous systems to translations of the independent
variable t can be shown as follows.

If "(t) = N(t,x0) is a solution to eq. (2.5) on the
interval (a,b), then $(t) = N(t-c,x0) is a solution on the
interval (a - c, b - c), where c is any real constant.  Since
for every J 0 (a,b), "(J) = $(J - c), "(J) and $(J) define
identical trajectories in configuration space [11].  Thus,
the solutions of eq. (2.5) are invariant to translations in
time.

The solution "(t) = N(t,x0) of eq. (2.5) is periodic with
period T if there exists some real finite positive number T
such that "(t + T) = "(t) œ t 0 ú (excluding the trivial
case of "(t) = constant).  A system has periodic solutions
if and only if it possess trajectories which are closed
curves [16].  (Let ( be a closed curve that solves eq. (2.5)
and is defined by " œ t 0 ú.  Since ( is closed, there
exists a time t1 and a number T > 0 such that "(t1)="(t1 +

T).  Therefore " is periodic [11,17].)
A point xc 0 G is a critical point of a system (which

physically corresponds to a stationary or equilibrium state
of a system) if f(xc) = 0.  If a solution of eq. (2.5)
generates a trajectory ( which passes through at least one
point with a non-zero velocity, then ( cannot pass
through a critical point in finite time [13,16].  The
behavior of trajectories in a sufficiently small
neighborhood around the critical point determines the
nature or stability of the critical point xc.  A critical point
xc is Lyapunov stable [12], usually referred to as stable, if
for all g > 0, there exists some *(g) > 0 such that for any
solution N(t,x0) of eq. (2.5),

A stronger condition for stability is that there exist some
* > 0 such that

A critical point which satisfies this condition for stability
is said to be asymptotically stable [13].  A critical point
which does not meet any of the criteria for stability is said
to be unstable.

To develop a better understanding of stability, let us
 consider the two-dimensional autonomous system  where

x:=(x1,x2) and f(x):=(f1(x), f2(x)), and investigate the
geometric implications of stability for this system.  In a
two-dimensional system, the neighborhood of a point is
a circle centered about that point with some radius D > 0,
which will be referred to as the D-neighborhood of the
point.  For a critical point to be stable, there must exist a
sufficiently small *-neighborhood N(*) of xc contained in
any g-neighborhood N(g) of xc such that every trajectory
which passes through N(*) at some time t = t0, remains in



Fig. 3.  Example of a trajectory which is unstable.

Fig. 2.  Example of a trajectory which is asymptotically stable.
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N(g) for all future times [12,17] (see Fig. 1).  The critical
point is asymptotically stable if there exists a sufficiently
small N(*) of xc such that every trajectory which passes
through N(*) at some time t = t0 approaches the critical
point as t approaches infinity (see Fig. 2).  All critical
points which are asymptotically stable are also Lyapunov
stable; however, the converse is not true.  For a critical
point to be unstable, a trajectory must exist which passes
through N(*) but does not remain in N(g) (see Fig. 3).

The stability of critical points is important in the
analysis of physical systems since, for example, an
equilibrium state of a chemical system corresponds to an
asymptotically stable critical point.  Thus, if a system is
perturbed from its equilibrium point by a small amount,
the system will return to the equilibrium point in a
sufficiently long period of time.  This is an example of Le
Châtelier’s Principle.

B.  Conservative Systems

A conservative system is defined as a system given by
eq. (2.5) which possesses at least one first integral on a
region R d G.  A first integral is a differentiable function
F(x) on R such that for any solution x = N(t,x0) 0 ú of eq.
(2.5),

such that x = N(t,x0) 0 ú.  (The trivial case of F
identically constant is excluded.)  The integral
represented in eq. (2.6) defines a family of (n-1)-
dimensional surfaces, referred to as level surfaces, on
which each trajectory lies [11].  A trajectory lies on a
level surface Ls if that trajectory touches the surface at at
least one point.  This can be seen by allowing F to be an
integral on R d G and defining the level surface Ls = {x, F(x) = C} where C is some constant.  Let N(t,x0) 0 ú be
a solution of eq. (2.5) on the interval J, œ t 0 J. Then for
some t1 0 J, N(t1,x0) = x1 0 Ls implies that N will define a
trajectory ( which touches Ls at the point x1 0 ú.  The
condition that x1 0 Ls implies that

but since F is an integral of R by hypothesis, the above
relationship must hold for all t 0 J.  This allows eq. (2.7)
to be written as

which implies that F is equal to a constant on every point
of the trajectory (.  Thus, every point of ( is an element
of Ls, implying that the trajectory must lie completely on
the level surface Ls.  An integral, therefore, represents a
special constraint on the system of equations which
reduces the dimensionality of the system by one.  (In
classical mechanics, general constraints are referred to as
holonomic when the variable x represents spatial
coordinates [18].)  Since for a two-dimensional system
(n=2) the level surfaces reduce to trajectories [16], the
trajectories of a conservative two-dimensional
autonomous system are completely defined by a single
integral.

In order to illustrate this, let us consider the two
dimensional system

where fi and Mfi/Mxj (i,j = 1,2) are continuous in some
region D d ú2.  Eq. (2.9) implies that

which is an exact differential if there exists a function F
such that
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the dynamical behavior of the system will be described by
eq. (2.28), and that the solutions to the system will define
closed curves in the reaction phase space.  The particular
phase space trajectory of the system is fixed by the
specification of a set of 2n initial conditions.  Both the
phenomenological and the Hamiltonian approaches to the
solution of the rate laws of simple and autocatalytic
reactions will be presented in the following sections.  The
formalism developed will then be used to set up the
dynamical equations for the complex systems of some
common chemical oscillators.

B.  Simple Chemical Reactions

As mentioned in the previous section, a simple
chemical reaction is a closed or simply open single-step
reaction having the form [eq. (3.7)]

where the forward reaction is of order r and the reverse
reaction is of order s-r.  Processes which are modeled by
simple chemical reactions include radioactive decay,
absorption and emission of electromagnetic radiation, and
some formation and degradation reactions.

For an irreversible reaction (k1! = 0), the phenomeno-
logical rate law is

where n"(0) is the number of moles of the "th component
at t = 0, and x is the reaction coordinate as given in eq.
(3.6) with x(0) = 0.  The integrated rate law is 

the solution of which depends upon the initial
concentrations of the components n"(0) for r > 1.  When
r = 1, the solution to eq. (3.13) is

or, equivalently,

which is the familiar equation for first-order exponential
decay.  If the initial concentrations of all the components
in the reaction are equal [i.e., n"(0) = n"+1(0) / n(0), œ "

= 1,…,r - 1], eq. (3.13) can be integrated and solved for x
to give

for all r > 1.
When the reaction is a reversible reaction, the

phenomenological rate law is

which when written in integral form becomes

Eq. (3.15) can be integrated only in very limited cases,
such as the second-order (r = 2, s = 4) case, where the
values of n" (" = 1,2) are equal, and the initial
concentrations of n$ ($ = 3,4) are zero.

The Hamiltonian approach [11,24,25] to the solution
of an irreversible reaction modeled by eq. (3.7) when k1!
= 0 begins with the reaction rate defined by eq. (3.12)
where the reaction coordinate x is defined by eq. (3.6)
without the assumption of x(0) = 0.  Eq. (3.10) implies
that the second time derivative of eq. (3.12) is equal to the
negative gradient of the potential for the system.  Thus,
the reaction potential is given by [11,24,25]

which implies that the reaction Hamiltonian is

The dynamical equations for the chemical reaction are
now given by the solution to Hamilton’s equations [eq.
2.28].  The analytic solutions to these equations can be
obtained by solving eq. (3.17) using Hamilton-Jacobi
theory [18] and, in every instance, agree with those
solutions obtained using the phenomenological approach
[24,25].  For a reversible reaction [eq. (3.7) with k1! … 0],
the reaction Hamiltonian has the form of eq. (3.11) with
a potential given by [11,24,25]
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Although the Hamiltonian formulation of chemical
kinetics initially appears more complicated, as the
complexity of a chemical system increases, the ability to
write a reaction Hamiltonian and to use the solution
techniques developed for solving Hamiltonian systems
[18,22] improves the chance of obtaining analytic
solutions to the rate equations. 

C.  Autocatalytic Reactions [11,26]

Consider a chemical system having a fixed number of
reactions n which are coupled via a single intermediate X:

for all i = 1, …,n, where the components A" and A!", " =
1,…,r, are maintained constant, and the coefficients ai",
a!i" and ci

(j) (j = 1,2) for the ith reaction are non-negative
integers [11,26].  An autocatalytic reaction is a reaction
which produces as a product a larger quantity of one of
the reactants than is used in the reaction. An autocatalytic
scheme is a special case of eq. (3.18), where for at least
one of the reactions ci

(2) > ci
(1).  

The phenomenological rate law for the above reaction
scheme, if ki! = 0, is

where 

is the rate of change of the concentration of component X
(denoted by [X]) in the ith reaction.  The sign of eq.
(3.20) is positive if ci

(2) > ci
(1) and negative if ci

(1) > ci
(2).  If

the reaction scheme is reversible, eq. (3.20) becomes

In general eq. (3.19) can only be solved for small n in
terms of known functions. 

The development of a reaction Hamiltonian for the
chemical system of eq. (3.18) with ki! = 0 [11,26] begins
by defining the reaction coordinate for the system,

where n0 is the initial number of moles of component X,
xi is the reaction coordinate of the ith reaction [as defined
by eq.(3.6)], and <iX is the stoichiometric coefficient of X
in the ith reaction [11,26].  The reaction Hamiltonian for
the chemical system represented by eq. (3.18) when ki! =
0 is [11,26]  

where the potential Vi(x), given by

constitutes the contribution from the ith reaction, and the
potential Vij(x), given by

represents the coupling between the ith and jth reactions,
with the sign being determined by the particular set of
reactions under consideration.  Since every possible
combination of binary coupling appears in the
Hamiltonian, the total number of coupling terms for a set
of n reactions is [11,26] C(n) = n! [2! (n - 2)!]-1.  Eq. (3.22)
can also be used for reversible reactions by realizing that
a set of n reversible reactions can be written as a set of 2n
irreversible reactions [11,26].  Once a reaction
Hamiltonian is known, the solution techniques employed
in Hamiltonian dynamics can be used to analytically solve
the dynamical system [18,21,22].

In the next section, the phenomenological approach to
the solution of simple and autocatalytic reactions will be
used to set up dynamical models for some common
chemical oscillators.

D. Oscillating Chemical Reactions

In this Section, a brief introduction to chemical
systems which exhibit sustained oscillations is presented.
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Fig. 4.  Solution curves to eq. (3.23) of text showing the closed
trajectories indicative of periodic solutions.

Fig. 5.  Solution curves to eq. (3.24) of text indicating growing
oscillations.
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This introduction will be expanded in Part 4 to a more
thorough investigation of one of the models presented
below, namely the Lotka-Volterra  model.  Oscillating
chemical reactions are multi-component, multi-step
systems which must possess at least one autocatalytic step
and have a component which exhibits sustained
oscillations in space or time.  The autocatalytic step
creates a feed-back loop which, in a sequence of chemical
reactions, is defined as the inhibition or activation of one
step in the reaction by a product of a later step in the
reaction.  

The simplest reaction scheme which exhibits
sustained oscillations in time is the Lotka-Volterra
system.  This system, originally introduced in 1920 by A.
Lotka [27], and later modified by V. Volterra [28] for use
in ecology, is modeled by the following set of reactions:

We assume here that the concentration of A1 is held
constant by contact with an external reservoir, the
concentration of A2 is constant during the course of the
reaction, and A3 is unreactive.  Under these conditions,
the dynamics of the system are completely defined by the
changes in the concentrations of the two autocatalytic
intermediates X1 and X2.   

The phenomenological rate laws for the LV reaction
scheme are

where, if the volume of the reaction remains constant
during the course of the reaction, xi=[Xi] (i=1,2), a = k1

[A10], b = k2, and c = k3 [A20], with [Ai0] symbolizing the
initial concentration of the component Ai.  Numerical
integration of eq. (3.23), which will be considered further
in Part 4, shows that the LV model has closed trajectories
(see Fig. 4), indicating the existence of periodic solutions.
Until recently [29], however, the analytic form of these
solutions was not known.  In Part 4, we present the
technique used to obtain the analytic solutions to eq.
(3.23).  

Continued interest in the LV problem is a result of the
ease with which it can be modified to model a variety of
systems in many different fields.  Today, one of the main
applications of the Lotka-Volterra system is in modeling
the interaction of biological species [30,31], not chemical
reactions.  However, G. Rabal and co-workers [1] have
used the LV scheme, and a modification of this scheme,
to model pH regulated oscillating systems which were
designed for a continuously stirred tank reactor.  The
modified reaction scheme which they [1] used is

The dynamical equations for this system are

where a = k2 [A10] [A20], b = k3 [A10], and c = k1 [A10]
[A20].  This system, which is similar to Lotka’s 1910
reaction scheme [32], has an unstable critical point at
(c/a, a/b) [see Fig. 5], indicating that the intermediates
exhibit forced oscillations (i.e., oscillations that increase
in amplitude over time). 

The next major advance in the study of chemical
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Fig. 6.  The solution curves for the Brusselator model illustrating
the existence of a stable limit cycle.

(3.26)
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oscillators was in 1952, when A. M. Turing [33] showed
that a chemical reaction coupled with diffusion could
exhibit stable spatial patterns.  Later, Prigogine and co-
workers [34,35] illustrated this phenomenon with the
reaction mechanism

This mechanism, and any modifications to this
mechanism which possess a 3rd order autocatalytic step,
are referred to as the Brusselator [36] (since Prigogine
and his associates were working in Brussels at the time).
The intermediates X1 and X2 show sustained oscillations
in time without including diffusion.  If diffusion terms are
included, however, spatial patterns also develop.  The
phenomenological rate laws, if diffusion is not considered
and if the concentrations of Ai (i=1,…,4) are constant
throughout the course of the reaction, are

where a = k1 [A10], b = k2 [A20], c = k3 and d = k4.  The
solution curves of eq. (3.25) exhibit a stable limit cycle
(see Fig. 6).  A limit cycle is a closed trajectory in
configuration space which has the property that every
trajectory sufficiently near the limit cycle approaches this
cycle either as t 6 4 (a stable limit cycle) or as t 6 -4 (an
unstable limit cycle) [13].  When a stable limit cycle
exists, the structure of the oscillation will be stable for
small perturbations of the initial values of x1 and x2 [13],
implying that the qualitative behavior of the oscillations

is less dependent on the initial concentrations of the
system.  

Until recently [37], the LV reaction scheme and the
Brusselator were the only two-component reaction
mechanisms known which had intermediates exhibiting
sustained oscillations.  N. Samardzija and co-workers
[37] have developed a method which allows them to
transform the Van der Pol [12,13] rate equations, 

where : is a positive constant, into phenomenological
rate laws which can be modeled by a complex (10 step)
reaction scheme with intermediates that show sustained
oscillations.

The first reaction known to exhibit both spatial and
temporal oscillations is the three-component reaction of
the cerium-ion catalyzed oxidation of malonic acid by
bromate in a sulfuric acid medium [38,39].  The reaction
mechanism proposed by Field, Körös, and Noyes (FKN)
for this so-called Belousov-Zhabotinskii reaction [2]
consists of two processes, as summarized in Table 1.  The
first process, process A, is the reduction of  bromate ions
by bromide ions through a series of oxygen transfers.
When the concentration of the bromide level goes below
a certain critical concentration, the reaction switches to
the second process, process B, which is the oxidation of
Ce(III) by the radical BrO20000 species.  This reaction
autocatalytically produces bromous acid, which is a
component in the first process.  The Ce(IV) produced by
the oxidation of Ce(III) reacts with one of the products of
process A to produce the bromide ion.  As the
concentration of the bromide ion increases past the
critical concentration, the reaction switches back to
process A.  Thus, the bromide ion can be viewed as a
delayed negative feed back component [2,5].  

A generalization of the FKN mechanism, generally
referred to as the Oregonator, leads to the following
reaction scheme [2,5]:



Table 1.  FKN [2,5] mechanism for the Belousov-Zhabotinskii
reaction.

Process A

Process B

Net Reaction

Side Reactions

(LV)

(3.26)

(OREG)

where f is a stoichiometric factor [5].  If the rate constants
for the reverse reactions are close to zero, and the
concentrations of Ai, œ i = 1,…,4, are held constant, then
the rate laws for the Oregonator can be written

where a = k1 [A10] and b = k3 [A20].  The solutions of eq.
(3.26) exhibit stable limit cycle behavior.  

Using the law of mass action, N. Samardzija and co-
workers [36] have transformed numerous well known
multi-dimensional dynamical systems, such as the Rössler
rate equations [40], the Lorenz attractor rate equations

[41], and the rate equations for the forced Duffing system
[42], into phenomenological rate laws which can be used
to model large multi-step chemical reaction schemes.  The
intermediates in these schemes not only show oscillatory
behavior but also show chaotic behavior like period-
doubling (when the period of the limit cycle successively
doubles, causing the system to circulate twice around the
cycle before the initial concentrations are restored).

Since the first introduction of chemical reaction
schemes which possess rate equations exhibiting
sustained oscillations [27], and the discovery of an actual
oscillating chemical system [38,39], the theory of
oscillating chemical reactions has been an extremely
active area of research.  Nevertheless, oscillatory
phenomena are still not well understood, mainly due to
the lack of a sufficiently developed mathematical
treatment of the highly nonlinear first-order differential
equations which model these systems.  In the next
Section, a method for obtaining analytic solutions to
conservative dynamical systems possessing two degrees
of freedom will be developed and applied to the Lotka-
Volterra (LV) model. 

4.  THE LOTKA-VOLTERRA MODEL

A.  Introduction

Since the Lotka-Volterra problem was originally
posed in 1920 by Lotka [27], it has been one of the most
studied models for a two-dimensional dynamical system
exhibiting sustained oscillations.  Among the reasons for
the popularity of this model are the relative simplicity of
the differential equations which characterize the system,
and the wide applicability of this system to a variety of
different physical, chemical and biological problems.  

The chemical reaction scheme originally developed by
Lotka [27] is

which, when the concentrations of A1, A2, and A3 are
assumed to be constant, leads to the rate equations given
by eq. (3.23), namely

where a, b, and c are as defined in Chapter 3.  V. Volterra
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[28] later recast this model in terms of the populations of
two interacting biological species, where one species
preys upon the other.  Both Lotka [27] and Volterra [28]
generalized the two species model  [eq. (3.23)] to an n-
dimensional system (GLV) modeled by the rate equations

for all i = 1, …, n, where gi is the coefficient of increase
or decrease of the ith species, $i measures the strength of
coupling of the ith species to predator-prey interactions,
and "ij gauges the interaction between the ith and the jth
species.

The LV and GLV models have been adapted and
applied to neural networks [43], epidemiology [44], and
mode-specific coupling in lasers [45], as well as being
used in population biology [30,46] and chemical kinetics
[1,47].  Recently, V. Fairen and B. Hernández-Bermejo
[48] showed that any set of kinetic equations can be
associated to an equivalent GLV representation by the
introduction of suitable collective variables.  These results
have later been expanded for application to general
nonlinear systems [49].

Despite the increasing number of LV applications, the
analytic solutions to this problem have never been
explicitly determined until the present work.  Since the
original publications [27,28], the system was known to be
conservative, thus implying that the solutions are periodic,
but the analytic form of the solutions was unknown.
Many different techniques have been applied and
developed in the attempt to derive analytic solutions to
the LV model.  One of the first methods applied when
trying to determine the nature of the solutions to an
ordinary differential equation is numerical integration,
since the numerical integration of an equation generates
data which can then be plotted allowing for the
visualization of solution curves.  The technique of
numerical integration will be discussed and applied to the
LV model later in this Chapter.  Another traditional
approach is linearization of the rate equations in order to
simplify the system [50].  The linearization of the LV
model [51] leads to the rate equations

which are the familiar differential equations for the
harmonic oscillator, and which have the general solutions
[51]

where A, B, C, D, E, F (not all independent) are
determined by the initial conditions, and T is determined
by a, b, and c.  Other methods used in order to attempt to
determine directly analytic solutions to eq. (3.23) have
included decomposition methods [52], iterative solution
techniques [53], and perturbation techniques [54,55].
None of these methods leads directly to analytic solutions
to the LV model.  Later in this Part, we present a direct
method involving a transformation which uses the
invariant of the LV system to derive the form of the
analytic solutions to eq. (3.23).

Another approach to obtaining analytic solutions to
the LV problem is to analyze the invariant, or first
integral, of the system, since the existence of a first
integral reduces the system to a one-dimensional problem.
Since Lotka’s 1920 paper [27], the form of the first
integral of eq. (3.23), namely

has been known.  Normally when the invariant for a two-
dimensional system is known, the invariant can be used to
eliminate one of the variables.  However, eq. (4.2) cannot
be easily solved for either x1 or x2 once given a fixed 7.
The inability to solve eq. (4.2) in a straightforward
manner has led to the development of Hamiltonian forms
for the LV model.  In the 1960s, E. H. Kerner [56]
showed that a simple logarithmic transformation of eq.
(3.23) allows the LV model to be written in Hamiltonian
form with the transformed eq. (4.2) being the
Hamiltonian.  Kerner then expanded this logarithmic
transformation to make it applicable to the GLV system
[eq. (4.1)].  Recent interest in the Hamiltonian nature of
the LV problem has led to the rediscovery of this
transformation for both the two-dimensional and multi-
dimensional cases [57-60].  The ability to write a
Hamiltonian for the LV model led R. Dutt [61] in the
1970s to apply Hamilton-Jacobi theory to Kerner’s
Hamiltonian, but because of the nontraditional form of the
Hamiltonian, only approximate solutions to the rate
equations could be obtained.  In an attempt to develop a
traditional Hamiltonian for the LV model, T. Georgian
and G. L. Findley [11] transformed the two-dimensional
LV system into a four dimensional system involving both
the rate equations and the acceleration equations.  Later in
this Chapter the Hamiltonian nature of the two-
dimensional LV model will be discussed in greater detail.

The form of the invariants for the GLV model [eq.
(4.1)] has been an important area of research in the past
few years.  L. Cairó and M. R. Feix [62] used a Carleman
embedding method [63] to develop the linear polynomial
family of invariants for the GLV model, whereas B.
Grammaticos and co-workers [64] used a method based



on the Frobenius integrability theorem [65] to develop the
same invariants for the three-dimensional case.   The
study done by Grammaticos and co-workers was later
clarified by S. Labrunie [66], who derived the conditions
which must be satisified by polynomial first-integrals for
the three dimensional LV system.  Another technique
used by M. A. Almeida and co-workers [67] to determine
the invariants for the GLV model is a Lie symmetry
analysis [68].  The Lie symmetry method permitted M. A.
Almeida and co-workers to determine conditions on the
constants gi, $i, "ij in eq. (4.1) which allow for the
existence of first integrals.  As in the two-dimensional
case, the existence of invariants for the GLV system has
led to the study of the Hamiltonian nature of the GLV
system [69,70] in an attempt to develop analytic solutions
to the GLV model.

Although a large amount of research has been done on
the conservative nature and Hamiltonian forms of the LV
and GLV systems, none of this research has led to analytic
solutions for either model until now.  In this Part, we
present (for background purposes) a simple technique for
numerically integrating eq. (3.23).  Then, with the use of
eq. (4.2), a coordinate transformation is introduced to
reduce the LV system to a one-dimensional problem,
which can be modeled by a second-order nonlinear
ordinary differential equation.  This characteristic
differential equation is then formally integrated to give the
quadrature which represents the analytic solution to the
LV problem.  Finally, the Hamiltonian nature of the LV
model is explored from a novel perspective.

B. Numerical Integration

In the study of nonlinear differential equations,
analytic solutions are usually unknown; therefore, one of
the first steps in analyzing a nonlinear system is the
numerical integration of the differential equations for
different initial conditions.  Numerical integration
generates a set of data which can be plotted, thus allowing
visualization of the solution curves which can help to
determine the stability of the system (as well as other
qualitative properties).  Because of the frequency with
which this technique is used, many different methods for
numerical integration have been developed; all of these
techniques can be placed into one of three sub-divisions,
however:  extrapolation/interpolation, single-step meth-
ods, or multi-step methods [71].  In this Section, a brief
introduction to these methods will be given, and then a
detailed explanation of one type of single-step method,
namely the Runge-Kutta method, will be presented and
applied to the LV model.

Extrapolation/interpolation methods involve the

approximation of an integral of the function f(t) over
some interval (a,b) by a summation.  In other words [72],

where the form of ci and ti are determined by the method
used, and where n determines the level of approximation.
(For example, in the Newton-Cotes (NC) methods ti / t0
+ i h, œ i = 0,…,n, with h / (b-a)/n, t0 = a and tn = b for a
closed NC method, and h / (b-a)/(n+2), t0 = a+h, and tn
= b-h for an open NC method.)  This method can only be
used if the differential equation can be written as a first-
order, separable differential equation.  (A separable
differential equation in this context is a differential
equation which can be written in the form  = f(t) g(x).)

Single-step and multi-step methods use weighted
average values of f(x,t) taken at different points in the
interval tn # t # tn+1.  This weighted average is defined by
[71]

where h is the step size, or distance between the points
along an interval, and "i and $i are constants œ i = 1,…,k.
If k = 1, implying that the value of x is dependent on the
previous step only, the method is a single-step method.  If
k > 1, the value of x is dependent on several previous
steps, and the method is known as multi-step.  The
technique used for determining the constants "i and $i
separate the different single-step or multi-step methods
[71].  Common single-step methods include the Euler, or
tangent-line method, and the Runge-Kutta method.
Common multi-step methods are the Milne Predictor-
Corrector method and the Adams-Moulton methods.  The
most popular method for numerical integration, because
of the accuracy and ease of programming, is the single-
step Runge-Kutta method which will now be discussed in
more detail.

The single-step Runge-Kutta method involves the
general equation [71]

where wi is a weighting coefficient to be determined, r is
the number of f(t,x) substitutions, and 

for all i = 1, …, r.  The determination of the parameters
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wi, ci, and aij is done by Taylor series expansion of xn+1 in
powers of h, such that this expansion agrees with the
solution of the differential equations to a specified
number of terms in the Taylor series [71].  The number r
of terms in the Taylor series defines the order of the
Runge-Kutta method.  The local truncation error for a
general Runge-Kutta method is proportional to hr+1, and
the global truncation error for a finite interval is
proportional to hr [51].  Since both the error and the
stability of the numerical integration using a Runge-Kutta
method are related to the step-size h chosen for the
integration [71], J. B. Rosser [73] has developed
techniques which allow the step-size to be adjusted during
the numerical integration.  This modification allows the
Runge-Kutta methods to be used for stiff differential
equations.  (A stiff differential equation is one which has
at least one rapidly decaying solution [50,71].) 

The most common Runge-Kutta method used for
numerical integration is the classic fourth-order Runge-
Kutta.  This method can be applied to both first-order and
second-order differential equations with only slight
modifications to the general Runge-Kutta formula.  The
general fourth-order Runge-Kutta formula for numerical
integration of a first order differential equation [  = f(t,x)]
is [74]

where

When the differential equation is a second-order
differential equation [ =f(t,x, )], the numerical integra-
tion formula becomes

where

All of the solution curves which are used as figure
illustrations in the present work were obtained by
numerically integrating the relevant differential equations
using one of the two Runge-Kutta methods presented
above.

The numerical integration of the LV system can be
accomplished in three different ways using a fourth-order
Runge-Kutta technique.  Each of these methods produces
the same numerical results, although the stability of the
integration for different initial conditions differs for each
method.  The first method is the direct numerical
integration of eq. (3.23) using eq. (4.3).  This method is
easily coded as an executable program, or even as a macro
in a spreadsheet, making the data easily accessible for
analysis.  This integration of the rate equations is stable
over a wide range of initial conditions.  The second
method involves the numerical integration of the second
time derivatives of eq. (3.23), namely

using a modification of eq. (4.4).  Although this method
produces the same numerical results, it is not as stable as
the first method, which means that this method cannot be
used for extreme initial conditions.  The final method
numerically integrates the four-dimensional system
derived by expressing eq. (4.5) as a system of first-order
differential equations.  This method proved to be the least
stable of the three methods used for numerical integration.

The numerical integration of the LV system [eq.
(3.23)] allows for the shape of the solution curves to be
visualized.  The solution curves for x1 and x2 are doubly
periodic functions, with the solution of x2 being slightly
out of phase with respect to x1 (see Fig. 7).  This double
periodicity suggests that the solutions to eq. (3.23) are
related to the family of elliptic functions [74].  Later in
this work, the relationship between the analytic solutions



(4.7)

(4.11)

(4.12)

(4.13)

(4.14)
(4.8)

(4.9)

(4.10)

(4.6)

Fig. 7.  The solutions of eq. (3.23) of text showing the doubly
periodic nature of x1 and x2.  (Curves are for the constant values a =
0.50, b = 1.30, and c = 0.67 and the initial conditions x1(0) = 0.90 and
x2(0) = 0.30.

to the LV problem, which will be derived in the next sec-
tion, and the elliptic functions will be shown.

C.  Analytic Solutions [29]

The numerical integration of the LV problem allows
the solution curves to be visualized, but does not give the
form of the analytic solution.  In this section, a simple
coordinate transformation will be presented which
reduces the LV system to a one-dimensional problem
characterized by a second-order nonlinear autonomous
ordinary differential equation.  The integral quadrature
which represents the solution to this differential equation
is then derived.

The development of the analytic solution to eq. (3.23)
begins by using the invariant 7 [eq. (4.2)] to define new
coordinates z1(t) and z2(t) such that

Several different ways of partitioning eq. (4.2) into two
new coordinates consistent with eq. (4.6) are possible.
We choose to define the new coordinates by placing the
linear terms of the invariant into one coordinate, and the
nonlinear terms of the invariant into another, to give

This choice allows for the original coordinates x1 and x2
to be expressed in terms of the new coordinates as

Because of eq. (4.6), the new coordinates can be written
as a single angle N defined by 

With z1 and z2 now being defined as

both eq. (3.23) and the time derivative of eq. (4.2) reduce
to the same second-order nonlinear autonomous ordinary
differential equation, namely

Since solving eq. (4.10) is equivalent to solving the rate
equations for the LV model [i.e., eq. (3.23)],
simplification of eq. (4.10) is in order.  By defining a new
angle M = 2 N, and by using the half-angle formulas [72],
eq. (4.10) reduces to

Eq. (4.11) still cannot be solved formally as yet, but it can
be further simplified by defining a new variable w as

which reduces eq. (4.11) to

Transforming eq. (4.8) to the new variable gives the
values of the original coordinates x1 and x2 as

Eq. (4.13) can be formally integrated using a symbolic
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Fig. 8.  Numerical solution of eq. (4.13) of text showing the
doubly periodic nature of the formal solution, namely eq. (4.15) of
text.

processor [75] for the special case of a = c to give the
analytic solution (via quadrature)

where t0 and w0 are dependent on initial data.  Eq. (4.15)
represents a new function.  Numerical analysis of eq.
(4.13) using eq. (4.3) shows that the implicit function w
is doubly periodic (see Fig. 8), indicating a relationship to
the Jacobian elliptic functions [74].  This relationship will
be explored further in the next Part. 

When c … a, the solution of eq. (4.13) is more
problematic, but straightforward.  The first step in solving
eq. (4.13) is the rearrangement of the invariant [eq. (4.2)]
to yield

where " = c/a and k2 = - b2 e-7/a.   Substituting eq. (4.16)
into the rate equations [eq. (3.23)] gives

which, upon using the transformation given by eq. (4.14),
allows eq. (4.13) to be written as

Eq. (4.18) can be formally integrated using a symbolic
processor [75] to give the analytic solution (via
quadrature)

where t0 is an initial datum and D solves

When " = 1 (a = c), eq. (4.19) reduces to eq. (4.15), with
w0 = k2.  

Even though eq. (4.18) cannot be integrated in terms
of known elementary functions, it does represent the
analytic solution to the LV problem, since substitution of
the values of w and  obtained from a numerical
integration of eq. (4.18) into eq. (4.14) generates the same
solutions as a direct numerical integration of eq. (3.23).
An introductory analysis of eq. (4.18) using a power
series expansion will be presented in the next Part in the
context of generating analytical solutions to a LV-related
family of differential equations.

D. Hamiltonians

As mentioned in Section 4.A, a great deal of interest
has been expressed in the Hamiltonian form of the LV
model, mainly because of the powerful solution
techniques which can be applied if a Hamiltonian exists.
Although the analytic solution to the LV model was
derived in the last Section without using a Hamiltonian
technique, in this Section we will review different
approaches to developing Hamiltonians for the LV
problem, since Hamiltonian methods are important when
considering the symmetry of the system.

In the 1960s, while studying the dynamical aspects of
chemical kinetics, E. H. Kerner [56] showed that the LV
model could be placed into Hamiltonian form using a
simple logarithmic transformation.  This transformation
defined the position q and the momentum p as [56]

which allowed the rate equations to be written as

The invariant for the transformed system is the
Hamiltonian and is defined by [56]

which by direct differentiation with respect to q and p
yields Hamilton’s equations.  This Hamiltonian, however,
because of its nontraditional nature, cannot be solved
using Hamilton-Jacobi theory or any of the other
advanced solution techniques that Hamiltonian dynamics
allows.  (A traditional Hamiltonian is defined by an
invariant having the form of eq. (2.27).)

In an attempt to develop a more traditional
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Hamiltonian, T. Georgian and G. L. Findley defined a
possible reaction Hamiltonian as [11]

where yi = , and 

which comes from assuming that M2  = M1   (Mi = M/Mxi

for i = 1,2).  Eq. (4.23) was proposed initially as a
holonomic constraint [11].  However, the Hamiltonian
represented by eq. (4.22) is not constant because the
condition implied by eq. (4.23) does not hold for any
arbitrary trajectory (although it does hold for the critical
point).  This approach does allow, however, for
modifications in terms of a coordinate transformation and
an integrating factor.

We begin the modification of eq. (4.22) by defining
new coordinates q1 and q2 such that

which transform the rate equations [eq. (3.23)] to

This transformation is similar to the transformation which
Kerner applied [56], except that both of the original
coordinates are kept as position coordinates.  The
Hamiltonian for the system can now be defined by

where the form of the conjugate momenta pi (i = 1,2) will
be discussed below, : / :(p1,p2) is an integrating factor
which will also be discussed below, and V is a potential
which solves

with  being the accelerations and > / >(q1,q2).  The
acceleration equations, derived by taking the second time
derivative of eq. (4.25), are

In order for eq. (4.27) to be satisfied and for dV to be an
exact differential, the second derivatives of the potential
must commute.  In other words,
 
which gives the characteristic partial differential equation
in terms of > as

The solution of eq. (4.30) for >, which defines the
potential since

begins by defining a new function $(q1,q2) such that 

which is solved by

If the potential is defined as V = - $ , then the
accelerations [eq. (4.28)] can be written as

with > being defined as

Thus, the Hamiltonian is now 

Hamilton’s equations [eq. (2.28)] imply that

which can be used to develop relationships for pi (i = 1,2),
as well as the form of the function :.  At this time, we
have not investigated the functional form for either pi or
: other than the relationships given in eq. (4.37).
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Another method which can be used to develop a
Hamiltonian for the LV system also uses the coordinate
transformation represented by eq. (4.24).  G. D. Birkoff
[76] showed that any dynamical system with two degrees
of freedom can be transformed into a system possessing
a Lagrangian

where "i (i = 1,2) and ( are functions of q1 and q2 only,
and satisfy the following conditions:

A Legendre transformation of eq. (4.38) defines the
Hamiltonian as

where the conjugate momenta pi are defined by

and where the potential ( is determined by eq. (4.39).  If
we want the system to satisfy the condition that the time
derivative of the momenta equal the accelerations, then "1
and "2 must be constants for any set of initial conditions.
Therefore, we define "1 and "2 as

since 7 is invariant for any set of initial conditions.
Substitution of eq. (4.42) into eq. (4.39) gives the partial
differential equations which the potential must solve.
Since the second derivatives of ( commute, eq. (4.39) can
be integrated to define the potential as

With this definition of the potential, the Hamiltonian
becomes

with the derivatives being given as follows:

The partial derivatives of the potential ( are:

The Hamiltonian represented by eq. (4.44) is in the
traditional form, but with a velocity 
dependent potential.

Since the system being characterized by eq. (4.44) is
a four-dimensional system, three constants of the motion
should exist.  Two of the constants, namely the original
invariant [eq. (4.2)] and the Hamiltonian [eq. (4.44)],
have now been developed.  As discussed in Part 2, the
Hamiltonian for a dynamical system can be used to find
the other constants of the motion by construction of a
Poisson bracket.  If f(q,p) is an invariant for the dynamical
system, then the Poisson bracket of f(q,p) with H [eq.
(4.44)] can be reduced using eq. (4.45) to the condition
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Fig. 9.  The configuration space trajectories of eq. (5.2) of text
for different values of n.  The initial conditions for the numerical
integration where x1(0) = 0.70000, x2(0) = 0.55560 and the structural
constants were a = 1.0, " = 1.0, and k = 0.35845 i (where ).

One approach to solving eq. (4.46) is to define a function
R such that

which is solved by

The existence of three independent invariants (represented
by 7 [eq. (4.2)], H [eq. (4.44)] and R [eq. (4.47)]) implies
that the system is completely integrable.  (The linear
independence of the three invariants was checked by
computing the Jacobian of the system, which is non-zero.)
Complete integrability implies that the LV system can be
represented by one independent variable, which was
shown explicitly in the last section. 

5.  LOTKA-VOLTERRA RELATED FAMILY OF
DIFFERENTIAL EQUATIONS

A.  Development [77]

As mentioned in Part 4, the technique used to solve
the LV model leads to a family of LV-related differential
equations.  In this Part, this family will be derived, and
the analytic solutions (which represent approximate
solutions to the LV model) will be presented.  The family
of invariants for this system will be developed, and a
simple transformation will be shown which allows these
systems to be written in Hamiltonian form.

In Section 4.C, the rate equations for the LV model
were rewritten as [eq. (4.17)]

where k2 = - b2 e-7/a.  Introducing a power series expansion
for the exponential term yields 

A family of differential equations related to the LV model
can be derived by truncating the power series in eq. (5.1)
to give

for n = 0,…,4, with n = 4 corresponding to the LV
model.  (Although the value of k2 can be any negative
number, for the system to become the LV model as n 6 4,
k must be defined by k2 = - b2 e-7/a, where 7 is the value
of eq. (4.2) at t = 0.)  The family of differential equations
represented by eq. (5.2), even though it appears to be
more complicated than the original LV problem, will be
shown in the next Section to possess analytic solutions in
terms of known functions for the cases when " =1 and n
# 3.  The integral quadrature for the cases of n = 2 and n
= 3 will also be presented.  Numerical integration of eq.
(5.2) shows that for n $ 2, the solution curves are closed,
which implies the existence of periodic solutions (see Fig.
9).  Thus, eq. (5.2) represents a family of two-dimensional
dynamical systems which show sustained oscillations.  

Eq. (5.2) may have applications in a variety of areas.
In the 1970s, J. J. Tyson and J. C. Light [6] developed a
technique for deriving two-component reaction schemes
modeled by equations similar to this family.  (Due to the
complexity of the rate laws, however, no attempt was
made to obtain analytic solutions.)  Another area in which
this family may have applications is population biology,
since eq. (5.2), when n = 2 and " = 1, has the quadratic
coupling term which appears in the LV predator-prey
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Fig. 10.  The solution curves of eq. (5.3) of text when " = 1 for n =
4 and n = 4, showing both the doubly periodic nature of the solutions
as well as the order of approximation to the LV model.
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model [eq. (3.23)], as well as the quadratic terms
dependent only upon x1 and x2 (which is reminiscent of
the LV competition model [78]).  

B. Analytic Solution [77]

In this Section, eq. (5.2) will be reduced to a one-
dimensional system modeled by a second-order nonlinear
differential equation.  The analytic solutions to this
equation in terms of known functions will be derived for
the special cases " = 1 and n # 3, and the integral
quadratures will be derived which represent the analytic
solutions for the special cases " = 2 and " = 3.  The
relationship between these analytic solutions and the
analytic solution to the LV model [eqs. (4.15) and (4.19)]
will be discussed.  

Since the family of differential equations represented
by eq. (5.2) is directly related to the LV model, the same
transformation, namely eq. (4.14), can be used to reduce
the present system to a one-dimensional problem modeled
by the variable w(t).  This one-dimensional system is
characterized by the second-order differential equation

for n = 0,…,4.  Eq. (5.3), which as n 6 4 becomes the
characteristic differential equation for the LV model [eq.
(4.18)], can be integrated using a symbolic processor [75]
to give the quadrature

where D is given by the solution to the polynomial

for all n = 0, …, 4.  Eq. (5.5) can be solved in terms of
radicals for " # 3 with the aid of a symbolic processor
[75].  Numerical integration of eq. (5.3) for a specified
value of " > 0 and n > 1 shows that the solution curves
are doubly periodic functions with the same general shape

as that for the LV model (see Fig. 10).  As the value of n
increases, the solution curves of eq. (5.4) become better
approximations to the LV model.

When " = 1, eq. (5.5) is a second order polynomial
which can be solved using the quadratic formula to give

which when substituted into eq. (5.4) yields the integral
quadrature

Eq. (5.6), which reduces to eq. (4.15) when n = 4, can be
solved in terms of known functions for n # 3 (with the
use of a symbolic processor [75,79]); these solutions are
presented in Table 2.  From these solutions it becomes
obvious that the doubly periodic nature of the LV problem
appears as a result of the higher-order terms in the power
series expansion, since the solutions for the n = 0 and n =
1 case are exponential (although the solution for the n =
1 case can become periodic when a2 < 2 k2).  Elliptic
functions, like the solutions to the n = 2 and n = 3 case,
are known for their doubly periodic nature [74].

For the case of " = 2, the solution of eq. (5.5) has
three branches which, when substituted back into eq.
(5.4), give
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Table 2.  Analytic solutions to eq. (5.6) of text for n # 3.

n Solution

0

1

    where 

2

    where F is an elliptic function of the first kinda and

    with p2 defined as

n Solution

3

    where

with p3 defined by
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and

where p2 is defined as

When the summation in eq. (5.9) is allowed to go to
infinity, eqs. (5.7) and (5.8) represent the integral
quadratures for the LV model when a = 2 c.  

When " = 3, the four solutions to eq. (5.5), upon
substitution into eq. (5.4), lead to the integral quadratures
presented below: 

and

where

and

These analytic solutions to eq. (5.3) also represent the
solutions to the LV model when a = 3 c, if the summation
is allowed to go to infinity.  

The integral quadratures presented above, although
not reducible to known functions, do represent analytic
solutions to eq. (5.3) for finite n, and to eq. (4.18) for
infinite n.  The numerical integration of these quadratures
leads to periodic solutions which are indicative of a
conservative system.  In the next Section, the invariants
for eq. (5.2) will be derived, and a simple transformation
which allows this system to be written in Hamiltonian
form will be presented.

C.  Invariants and Hamiltonians [77]

The fact that eq. (5.2) possesses closed curves as
solutions (see Fig. 5.1) is indicative of the existence of an
invariant for the system.  The derivation of the invariant
for any two-dimensional system modeled by a set of first-
order differential equations begins by taking the ratio of
the rate equations.  For the system represented by eq.
(5.2), this ratio is

which can be rewritten as 

Eq. (5.10) can be integrated to give 



(5.11)
(5.15)

(5.12)

(5.13)

(5.14)

(5.17)

(5.18)

(5.16)

which can be shown by induction to be the first integral of
the system as follows.

The condition for eq. (5.11) to be invariant is

where MiIn = MI/Mxi and  for some specific value
of n.  When n = 0, eq. (5.12) can be written as

which simplifies to zero.  Now, eq. (5.2) can be written
recursively as

and Ij+1 [eq. (5.11)] can be rewritten as 

Substitution of eq. (5.13) and the derivatives of eq. (5.14)
into eq. (5.12) gives, upon rearrangement,

which (since M1Ij 
(j) + M2Ij

(j) = 0 by assumption)
reduces to

Expansion and rearrangement simplifies eq. (5.15) to
zero, thus completing the proof that eq. (5.11) is invariant.

Another method leading to the characteristic
differential equation [eq. (5.3)] for eq. (5.2) begins by
defining new coordinates z1 and z2 in the same manner as
developed in Part 4 for the solution to the LV problem.
The coordinate z1 is defined such that it contains only the
terms linear in x1 and x2 in the invariant, while the
coordinate z2 contains the remaining terms of the
invariant.  Applying the remaining coordinate
transformations of Part 4 reduces eq. (5.2) to eq. (5.3).

The transformation of eq. (5.2) into Hamiltonian form
begins by introducing new variables q and p such that

This transformation allows the rate equations [eq. (5.2)]
for the system to be written as

and the invariant [eq. (5.11)] to be rewritten as

The derivation of Hamilton’s equations from eq. (5.18)
may be shown simply as follows.  The derivatives of eq.
(5.18) with respect to q and p are



and

and (6.1)

(5.19)

which by direct comparison with eq. (5.17) leads to
Hamilton’s equations, namely

The Hamiltonian of eq. (5.18), like Kerner’s Hamiltonian
for the original LV problem, does not treat both
coordinates equally.  An extension of this system to a full
four-dimensional space in order to develop a more
traditional Hamiltonian has not been attempted.  If a more
traditional Hamiltonian can be developed for this general
family of functions, the nature of the third invariant for
the general system could be compared to the third
invariant of the LV model [eq. (4.47)] to perhaps give
more insight into the symmetry of both the LV problem
and its related family.

6.  CONCLUSIONS

In this Review, we have presented the analytic
solutions to the Lotka-Volterra problem.  Our presentation
began with a brief discussion of the qualitative properties
of dynamical systems in Part 2.  This treatment was then
used in Part 3 for the development and solution of the rate
laws pertaining to various chemical reaction schemes.
Part 3 also provided a brief introduction to the study of
systems which exhibit sustained chemical oscillations.
Our study of chemical oscillations was then expanded in
Part 4 to a more thorough investigation of the LV model,
which led ultimately to the development of a new
coordinate transformation for the LV system.  This
transformation [eq. (4.7)] reduced the dimensionality of
the LV problem by one and allowed for the development
of an equivalent second-order differential equation [eq.
(4.13)], which was then solved analytically via
quadratures.  These quadratures [eqs. (4.15) and (4.19)],
although not capable of being integrated in terms of

known elementary functions, define new functions which
represent the analytic solutions to the Lotka-Volterra
problem.  In Part 5, an introductory analysis of these
analytic solutions was provided, one which led to the
development of a new family of LV-related dynamical
systems [eq. (5.2)].  This family of dynamical systems,
although appearing more complex than the LV system,
could in some instances be solved in terms of known
functions (Table 2).  The Hamiltonian forms for both the
LV problem (Section 4.D) and the LV-related family [eq.
(5.18)] were also explored.  The analytic solutions to the
LV problem represent, if fully analyzed, the definition of
new elliptic-type functions.  The full analysis of any
quadrature begins by comparing the form of its solutions
to the solutions of known functions.  This comparison
leads to the development of approximations to the
quadrature in terms of known functions, as well as to
insight into the nature of the function.  For the analytic
solutions to the LV problem [eq. (4.19)], we began this
comparison by performing a power series expansion on
the exponential term in the quadrature.  When a = c,
truncation of this expansion led to a relationship (given in
Table 2) between this function and the family of elliptic
functions [74].  A future full analysis of eq. (4.19) will
involve showing that eq. (4.19) is convergent,
determining the exact nature of the two periods of the
solution, and defining the singularities of the function
(see, for example, E. T. Whittaker and G. N. Watson’s
book on modern analysis [80]).

The coordinate transformation employed to solve the
LV model [eq. (4.7)], which involved the first integral of
the system [eq. (4.2)], may have the capability of being
generalized to an n-dimensional system such as GLV (cf.
Part 4).  For example, an integrable four-dimensional
system will possess three invariants.  If two of these
invariants were known, four new coordinates zi (i =
1,…,4) could be defined such that the system could be
represented by two angles Q and S, with these angles
being given by

With eq. (6.1), the old system could be represented by the
solution to two second-order characteristic differential
equations in terms of Q and S, which may or may not be
coupled. (The coupling would depend upon the nature of
the original invariants, and on how the coordinates zi are
defined.)  If the differential equations are coupled, it
might be possible to use the same technique to reduce the
system to one dimension if an invariant in terms of Q and
S can be found.

The determination of the invariants of any n-



(6.3)

(6.4)

(6.5)

(6.2)

dimensional system, however, is a problem in its own
right.  This problem can be solved in part if the system
can be written in Hamiltonian form, since once a
Hamiltonian is known, the construction of the Poisson
bracket with a general function can lead to insight into the
form of other invariants.  The Lagrangian that Birkhoff
[76] developed for a two-dimensional system [cf. eq.
(4.38)] can be generalized to an n-dimensional Lagrangian
given by

where "i, œ i = 1,…,n, and ( are functions dependent
only upon the coordinates qi. These functions can be
determined as follows.  For eq. (6.2) to truly define a
Lagrangian, Lagrange’s equations [i.e., eq. (2.24)] must
be satisfied.  This condition leads to the function ( being
defined by a system of n partial differential equations,
namely

for all i = 1,…,n. If there exists a set of functions "i (i =
1,…,n) such that ( possesses a complete differential (in
other words, if all of the mixed partial derivatives of (
commute), the system will be able to be written in
Lagrangian form.  Once the Lagrangian is defined, a
Legendre transformation (defined in Section 2.C, above)
of eq. (6.2) leads to a Hamiltonian having the form

where the momenta of the system pi are defined by

Once eq. (6.4) is determined for the system, the Poisson
bracket [i.e., eq. (2.31)] can be constructed and analyzed
in order to develop the other invariants for the system.
The existence of eq. (6.4) can also be used to determine
the analytic solutions to the system by applying Hamilton-
Jacobi theory [22].

The family of LV-related differential equations
developed in Part 5 [eq. (5.2)] represents a set of two-
dimensional systems which show sustained oscillations
(see Fig. 5.2).  The applications for which these systems
may provide models have not yet been explored.  It may
be possible (using the techniques of J. J. Tyson and J. C.
Light [6], or the approach of N. Samardzija and co-

workers [37]) to develop oscillating chemical reaction
schemes, modeled by eq. (5.2), in which the analytic
solutions to the rate laws are known in terms of well-
defined functions.  Eq. (5.2) should also be able to be
recast in terms of complex interactions between
populations of biological species.  This family of
dynamical systems clearly provides a rich analytical
ground for a plethora of future model studies.
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