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ABSTRACT

The Lotka-Volterra(LV) modelof oscilating chemical

reactions, characterized by the rate equations
X, =ax - bxx,
X, = -cx, + bxx, ,

hasbeenanactiveareaof researclsinceit wasoriginally
posed in the 1920s. In tHeview, we present a simple
transbrmation which reduceshe two-dimensionalLV

analytically (somein terms of known functiong are
developed.The Hamiltonian forms of both the LV model
andits relaed family are explored in order to gain more
insight into the nature of dynamical systems which
possess invariants.

An oscillatingchemicalsystemis onein whichsome
macroscopideatureof the system undergoegeriodic
temporal or spatial variations. (The LV system, for
example,exhibits sustainedoscillaions in time.) In
recentyears,anincreasingamountof attention has been

system to a one-dimensional system modeled by apaid to oscillaing chemical reactionsbecauseof the

second-ordemonlinearautonomousrdinarydifferential
equation. The formal analytic solutions to the LV
problem are then derived for the first time. An
introductoryanalysisof these solutions is given which
leadsto the developmentof an LV-related family of
dynamicalsystems. Analytic solutions to this family of

discoveryof oscillatoryhomogeneousiochemicaland
inorganic systems [1,2].
Althoughmuchresearchhasbeendoneonthenature
of oscillatingsystemssuchasthestudyby Prigogineand
co-workes on the thermodynamic and kinetic
requirements for the existenceoscillations[3,4], little

differential equations are presented, for certain cases, ins known analyticallyaboutsuchsystems. This lack of

terms of known functions that exhibit oscilatory
behavior. The Hamiltonian nature of both the LV model
and the related family of differential equations is
developed and future extensions of this treatment are
discussed.

1. INTRODUCTION

In this Review,we presentanalytic solutions to the
Lotka-Volterra (LV) model for sustainedchemical
oscillations. During the analysis of these solutions, a
family of LV-related nonlinear autonomousordinary
differential equations,all of which can be solved

knowledgas aresultof thecomplexityof thedifferential
modelsused. Thus, the development of a systematic
techniquefor the solution of a set of n nonlinear first-
order differential equations could lead to new insights
into the nature of conservative systems which posses
sustainedscillations. Because of the highly nonlinear
nature of the differential equations used to model
chemicaloscillators[5,6], much of the current research
hasbeenaimed at analyzing the qualitative behavior of
the rate laws (e.g., [7]). The quditative propertiesof
differential equationsjncluding the requirements for a
systentobeconsidered¢onservativewill bediscusseth
more detail in Part 2, and applied throughout the
remaindeof thiswork. In Part 3, reaction schemes used



to model some common chemica oscillators will be
described, and the phenomenological rate laws will be
developed.

In Part 4, we present a method which allows a two-
dimensional nonlinear conservative system, namely the
LV model, to be reduced to a one-dimensional system
modeled by asecond-order nonlinear ordinary differential
equation. (The generalization of this method to systems
with dimensionality greater than 2 isbriefly discussed in
Part 6.) Themain reasonsfor the choice of the LV model
for our study arethat it is the simplest known model of a
two-component system which exhibits sustained
oscillations, and it has wide applicability in many fields.
Theanalytic solutiontotheLV model, whichispresented
in Part 4, has adoubly periodic nature which impliesthat
it represents a new type of elliptic function. An
introductory analysis of thisfunction is presented in Part
5intermsof theanalytic solutionsto alL V-related family
of differential equations. This family, which appears
initially to be more complicated than the LV model, is
capable in some cases of being solved anaytically in
termsof known functions, with the solutionsrepresenting
approximations to the solution of the LV system.

The Hamiltonian form of the LV mode is
investigated in Part 4, leading to the definition of a new
Hamiltonian in afour-dimensional phase space. A brief
discussion of the further extension of thisHamiltonian to
n-dimensional systemsis presented in Part 6. The LV-
related family of differential equationsis also shown to
possessaHamiltonian, althoughthefunction constructed
Isnot atraditional Hamiltonian.

2. DYNAMICAL SYSTEMS

A. Qualitative Properties of Dynamical Systems

A dynamical system, by which any homogeneous
chemical reaction is modeled [8-10], consists of a set of
first-order ordinary differential equations. InthisSection,
we present areview of the qualitative properties of such
systems. (A qualitative property, such as stability, of a
dynamical system is one which may be determined
without explicitly solving thesystem.) The mathematical
results presented here will be used throughout the
remainder of thiswork.

Consider asystem of first-order ordinary differential
equations (ODES) represented by

X, = f(t,xpe.0x), Y i=1l..,n, (2.1)

where x, = dx,/dt. By alowing x,, ..., X, to be com-
ponents of a n-dimensiona vector X, eq. (2.1) can be

written as

x = f(tx), (2.2

where f(t,X) is a vector-valued function. In order to be
well defined, eq. (2.2) requires that the function f be
continuous in both the one-dimensional real Euclidean
space of the scalar (t € R) and the n-dimensional real
Euclidean space of the vector (x € R"). The function f
maps an open subset G of R™* to R", which can be
written symbolicaly asf:G-R"where G ¢ R™*[11,12].

A solution to eg. (2.2) is a function ¢(t) which is
defined on an interval | of the t-axis (IcRR), such that
d:1-R"is continuously differentiable and ¢(t) satisfies
eg. (2.2) [12]. The solution of eq. (2.2) is the curve I
lying in region G, where each point of the curve has the
coordinates (t,$(t)), and where the tangent to I" at each
point is represented by f(t,$(t)) [11].

One of the most important conditions that f(t,x) must
satisfy is the Lipschitz condition for continuous
differentiability. The condition for a function to be
Lipschitz continuous in the neighborhood of a certain
point p, is that

| Atx) - fex) 1 < Lilix-x"1, (23

where L is a constant and |r| is the Euclidean length
(norm) of the vector given by

n

2
v;

i=1

12

I7l = (24)

and where x, X belong to a bounded domain D= R"
[13,14]. The neighborhood of a point p, defined by the
coordinates (t,x°) in R™* [p,:= (t,x°)ER™] is the set of
points N(t,,x°) satisfying the conditions that for every
(tx), I t-t,/<tand |x-x| <p, where T and p are
positive constants. A boundary point of G is defined as
the point (t,,x°) in R™* such that every neighborhood of
(t,,x°) contains both pointsin G and points outside of G.
Theset G c R™*isopenif and only if it contains none of
its boundary points, and is closed if it contains all of its
boundary points[11].

The requirement of Lipschitz continuity in the
neighborhood of the point p, implies that there exists a
unique solution to the initial value problem, namely, the
problem of finding a solution to eg. (2.2) which satisfies
the condition ¢(t) = x° [12-14]. This existence-
uniqueness theorem may also be stated asfollows: there
exists one and only one solution x = ¢(t,p,) of eg. (2.2)
which satisfies the initial condition ¢(t,,p,) = X° if f(t,x)
and itsfirst partial derivatives of/0x are continuousin G
< R™. Thus, each solution ¢p(t,p,) exists and is



continuous on some interval | < R containing t,, and
every solution is continuous with respect to variationsin
the values of theinitial condition p, [11,15].

If eg. (2.2) isautonomous, fisnot an explicit function
of time:

%= f0). (2.5)

Thisisaspecia case of eg. (2.2), where the domain of f
issomereal n-dimensional region (G < R") instead of an
(n+1)-dimensional region. Throughout the remainder of
thisdiscussion, f(x) anditsfirst partia derivativeswill be
assumed to be continuous so that the existence-
uniqueness theorem discussed above applies. If, for aid
of visualization, we assume that eg. (2.5) governs the
motion of a physical system, then the components of x
may be viewed as the generalized coordinates for the
system. This set of coordinates, {x | i = 1,...,n},
constitutes the configuration space for the system. The
solution curvesfor this system, referred to astrajectories
or orbits, represent the history of the positional variations
of the system, since the position x of the system at any
given time will lie on one of these trgjectories [13]. The
trajectory that the position x moves along as time
advances is determined by the initial conditions chosen
for the system.

Thevelocity of the point x at any giventimealong the
trajectory isthetangent vector tothepoint[i.e, eg. (2.5)].
Thus the solution to eg. (2.5) can be viewed as a point
moving along a curve in an n-dimensional space with a
position dependent velocity given by eq. (2.5). (By
convention, the orientation of traectories is in the
direction of increasing time.) A trajectory which passes
through theinitial point X° € R" represents an infinite set
of solutions { P(t+c,x%) | ¢ € R} which differ from each
other in phase. The invariance of the solutions of
autonomous systems to trandations of the independent
variable t can be shown asfollows.

If o(t) = P(t,x°) is a solution to eq. (2.5) on the
interval (a,b), then B(t) = ¢(t-c,x°) is a solution on the
interval (a- c, b-c), wherecisany real constant. Since
for every T € (a,b), o(t) = B(T - ¢), &(t) and B(t) define
identical trajectories in configuration space [11]. Thus,
the solutions of eg. (2.5) are invariant to transations in
time.

Thesolution o(t) = $(t,x°) of eq. (2.5) isperiodicwith
period T if there exists somereal finite positive number T
such that a(t + T) = a(t) V t € R (excluding the trivia
case of o/(t) = constant). A system has periodic solutions
if and only if it possess trajectories which are closed
curves[16]. (Lety beaclosed curvethat solveseq. (2.5)
and is defined by o« V't € R. Since v is closed, there
existsatimet; and anumber T > 0 such that c(t,)=0(t, +

¢ (tx")
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Fig. 1. Example of atrajectory which shows Lyapunov stability.

T). Therefore o is periodic [11,17].)

A point x° € G isacritical point of a system (which
physically correspondsto astationary or equilibrium state
of a system) if f(x°) = 0. If a solution of eq. (2.5)
generatesatrajectory y which passesthrough at |east one
point with a non-zero velocity, then 7y cannot pass
through a critical point in finite time [13,16]. The
behavior of trajectories in a sufficiently small
neighborhood around the critical point determines the
nature or stability of the critical point x°. A critical point
x°“isLyapunov stable[12], usually referred to asstable, if
for all € > 0, there exists some d(g) > 0 such that for any
solution ¢(t,x°) of eq. (2.5),

|x%-x°I<d(e) = 1b(tx%) -x°I<e V t=1,.

A stronger condition for stability isthat there exist some
d > 0 such that
|x°-x¢1<8 = lim|$p@x®)-x°|=0.

]

A critical point which satisfiesthis condition for stability
Is said to be asymptotically stable [13]. A critical point
which doesnot meet any of thecriteriafor stability issaid
to be unstable.

To develop a better understanding of stability, let us
consider thetwo-dimensional autonomoussystem where

x = f@x),

X:=(X,%,) and f(x):=(f,(x), f,(x)), and investigate the
geometric implications of stability for this system. Ina
two-dimensional system, the neighborhood of a point is
acircle centered about that point with someradius p >0,
which will be referred to as the p-neighborhood of the
point. For acritical point to be stable, there must exist a
sufficiently small d-neighborhood N(8) of x° containedin
any e-neighborhood N(g) of x° such that every trajectory
which passesthrough N(0) at sometimet =t,, remainsin
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Fig. 2. Example of atrajectory which isasymptotically stable.

N(e) for al futuretimes[12,17] (seeFig. 1). Thecritical
point isasymptotically stableif there existsasufficiently
small N(0) of x° such that every trajectory which passes
through N(0) at some time t = t, approaches the critical
point as t approaches infinity (see Fig. 2). All critical
pointswhich areasymptotically stablearea so L yapunov
stable; however, the converse is not true. For acritical
point to be unstable, atrajectory must exist which passes
through N(0) but does not remain in N(g) (see Fig. 3).

The stability of critical points is important in the
analysis of physical systems since, for example, an
equilibrium state of achemical system correspondsto an
asymptotically stable critical point. Thus, if asystemis
perturbed from its equilibrium point by a small amount,
the system will return to the equilibrium point in a
sufficiently long period of time. Thisisanexampleof Le
Chételier’s Principle.

184 Cb(t,XO)
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Fig. 3. Example of atrgjectory which is unstable.

B. Conservative Systems

A conservativesystemisdefined asasystemgiven by
eg. (2.5) which possesses at least one first integral on a
regionR < G. Afirstintegral isadifferentiablefunction
F(X) on R such that for any solution x= ¢ (t,x°) € R of eq.
(2.9),

F((I)(t,xo)) = C = constant , Vtel, (26)
such that x = ¢((tx°) € R. (The trivia case of F
identically constant is excluded.)  The integral

represented in eq. (2.6) defines a family of (n-1)-
dimensiona surfaces, referred to as level surfaces, on
which each trgjectory lies [11]. A trajectory lieson a
level surface L if that trajectory touchesthe surface at at
least one point. This can be seen by allowing F to be an
integral on R < G and defining the level surface L, = {x
| F(X) = C} where Cissome constant. Let $(t,X°) € R be
asolution of eq. (2.5) ontheinterval J, V' t € J. Then for
somet, € J, O(t,x°) =x* € Limpliesthat ¢ will definea
trajectory 'y which touches L at the point x* € R. The
condition that x* € L, implies that

Flo(x) = Fr) = C, (27)

but since F is an integral of R by hypothesis, the above
relationship must hold for all t € J. Thisallowseq. (2.7)
to be written as

Flp@ex®)=C, Ve,

whichimpliesthat F isequal to aconstant on every point
of thetrajectory y. Thus, every point of vy isan element
of L, implying that the trajectory must lie completely on
the level surface L. Anintegral, therefore, represents a
special constraint on the system of equations which
reduces the dimensionality of the system by one. (In
classical mechanics, general constraintsarereferredto as
holonomic when the variable x represents spatial
coordinates [18].) Since for a two-dimensional system
(n=2) the level surfaces reduce to trajectories [16], the
trgjectories of a conservative two-dimensional
autonomous system are completely defined by a single
integral.

In order to illustrate this, let us consider the two
dimensional system

J.Cl = fi(xl’xz) > J.Cz = fé(xl rxz) > (2.9)

where f, and of/0x (i,j = 1,2) are continuous in some
region D < R% Eq. (2.9) impliesthat

fi(xl’xz) 321 - fi(xl’ x2) 3(.32 =0, (210)

which is an exact differential if there exists afunction F
such that



thedynamical behavior of the systemwill bedescribed by
€g. (2.28), and that the solutionsto the system will define
closed curvesin the reaction phase space. The particular
phase space trgjectory of the system is fixed by the
specification of a set of 2n initia conditions. Both the
phenomenol ogical and the Hamiltonian approachesto the
solution of the rate laws of simple and autocatalytic
reactionswill be presented inthefollowing sections. The
formalism developed will then be used to set up the
dynamical equations for the complex systems of some
common chemical oscillators.

B. Simple Chemical Reactions

As mentioned in the previous section, a ssimple
chemical reaction is a closed or ssmply open single-step
reaction having the form [eg. (3.7)]

kl

T S
Pa = ) a.
a=1

k,/ a=r+1

where the forward reaction is of order r and the reverse
reaction is of order s-r. Processes which are modeled by
simple chemical reactions include radioactive decay,
absorption and emission of el ectromagnetic radiation, and
some formation and degradation reactions.

For anirreversiblereaction (k,” = 0), the phenomeno-
logical rate law is

=k H [7,0) - x],
o=1

wheren,(0) isthe number of molesof the c:ith component
at t = 0, and x is the reaction coordinate as given in eqg.
(3.6) with x(0) = 0. Theintegrated rate law is

(3.12)

x

k= [H[nam) - ¥ |

-1

dx’ (3.13)

a=1

0

the solution of which depends upon the initial
concentrations of the components n,(0) for r > 1. When
r =1, thesolution to eg. (3.13) is

x@) = n©)|1 - %7,

or, equivalently,
n (0 = n0)e ",

whichisthe familiar equation for first-order exponential
decay. If theinitial concentrations of all the components
in the reaction are equd [i.e., n,(0) = n,,,(0) = n(0), V &

=1,...,r- 1], eg. (3.13) can be integrated and solved for x
togive

x=n0)-|n0""+ (1-0k """, (314
foralr>1.

When the reaction is a reversible reaction, the
phenomenological rate law is

i= K H 7,0 - x| - K/ H | 7y(0) + x|,
a=1

B=r+1

which when written in integral form becomes

Al - ]
a=1 (3.15)

S

i ] [mo - ¥]

B;r+1

-1

dx .

Eg. (3.15) can be integrated only in very limited cases,
such as the second-order (r = 2, s = 4) case, where the
values of n, (¢ = 1,2) are equal, and the initia
concentrations of ng (B = 3,4) are zero.

The Hamiltonian approach [11,24,25] to the solution
of an irreversible reaction modeled by eq. (3.7) when k,’
= 0 begins with the reaction rate defined by eqg. (3.12)
where the reaction coordinate x is defined by eg. (3.6)
without the assumption of x(0) = 0. Eq. (3.10) implies
that the second timederivative of eg. (3.12) isequal tothe
negative gradient of the potential for the system. Thus,
the reaction potential is given by [11,24,25]

V() = —%kf H [x - x0) - n,OF,
=1

which implies that the reaction Hamiltonian is

H(x,y) = %y2 - %kf H [x - x(0) - n, (O . (3.17)
a=1

The dynamical equations for the chemical reaction are
now given by the solution to Hamilton’'s equations [eg.
2.28]. The analytic solutions to these equations can be
obtained by solving eq. (3.17) using Hamilton-Jacobi
theory [18] and, in every instance, agree with those
solutions obtai ned using the phenomenol ogical approach
[24,25]. For areversiblereaction [eg. (3.7) withk,” # 0],
the reaction Hamiltonian has the form of eq. (3.11) with
apotential given by [11,24,25]



k? 1_ [x - x(0) - n,(O)P

o=1

S

+ k2 ] [—x + x(0) - nB(O)]Z

B:r+1

—

+ kK, H [x - 2(0) - n,0)]
a=1
x H [-x + x(0) - n,0)] .
B=r+1
Although the Hamiltonian formulation of chemical

kinetics initially appears more complicated, as the
complexity of achemical system increases, the ability to
write a reaction Hamiltonian and to use the solution
techniques developed for solving Hamiltonian systems
[18,22] improves the chance of obtaining analytic
solutions to the rate equations.

C. Autocatalytic Reactions[11,26]

Consider achemical system having afixed number of
reactionsnwhich arecoupled viaasingleintermediate X:

k.

a, A, + X 2 d, A, +cPX, (319
K
forali=1,...,n, wherethe components A, and A’,, & =
1,...,r, are maintained constant, and the coefficients a,,
a,, and ¢? (j = 1,2) for theith reaction are non-negative
integers [11,26]. An autocatalytic reaction is areaction
which produces as a product a larger quantity of one of
thereactantsthanisused inthereaction. An autocatalytic
scheme is a special case of eq. (3.18), where for at least
one of the reactions ¢® > ¢®.
Thephenomenol ogical ratelaw for theabovereaction
scheme, if k/ = 0, is

n

ﬂQZEPEg” (3.19)
dt bt di ’
where

X _ oy (A X (320)

dt

istherate of change of the concentration of component X
(denoted by [X]) in the ith reaction. The sign of eq.
(3.20) ispositiveif ¢@ > ¢® and negativeif ¢ > ¢. If
the reaction scheme isreversible, eg. (3.20) becomes

d[X]® a e
[] :$ki[Aa0]m[X]t

dt (3.21)

e

+ k' [A,, 1" [X]”

In general eg. (3.19) can only be solved for small nin
terms of known functions.

The development of a reaction Hamiltonian for the
chemical system of eq. (3.18) with k" = 0[11,26] begins
by defining the reaction coordinate for the system,

0
X = ny v Evix(xi_xi)’

i=1

where n, istheinitial number of moles of component X,
X; iIsthereaction coordinate of theith reaction [asdefined
by eq.(3.6)], and v, isthe stoichiometric coefficient of X
intheith reaction [11,26]. The reaction Hamiltonian for
the chemical system represented by eq. (3.18) when k.’ =
0is[11,26]

n

H(x,y) = ly2 + Evf(x) + E Vix), (3.22)
2 i=1 ij=1
, i(j
where the potential V'(x), given by
; 2 2a, 2cV
Vi) = -k [A, ] ™ x7
constitutes the contribution from theith reaction, and the
potential V(x), given by

VG = |4 Vie) Vi
represents the coupling between theith and jth reactions,
with the sign being determined by the particular set of
reactions under consideration. Since every possible
combination of binary coupling appears in the
Hamiltonian, the total number of coupling termsfor aset
of nreactionsis[11,26] C” =n! [2! (n-2)!]™. Eq. (3.22)
can also be used for reversiblereactions by realizing that
aset of nreversiblereactions can bewritten asaset of 2n
irreversible reactions [11,26]. Once a reaction
Hamiltonian isknown, the sol ution techniques employed
in Hamiltonian dynamicscan beusedto analytically solve
the dynamical system [18,21,22].

I nthe next section, the phenomenol ogical approachto
the solution of simple and autocatalytic reactions will be
used to set up dynamical models for some common
chemical oscillators.

D. Oscillating Chemica Reactions

In this Section, a brief introduction to chemical
systemswhich exhibit sustained oscillationsis presented.



This introduction will be expanded in Part 4 to a more
thorough investigation of one of the models presented
below, namely the Lotka-Volterra model. Oscillating
chemical reactions are multi-component, multi-step
systemswhich must possessat | east oneautocatal ytic step
and have a component which exhibits sustained
oscillations in space or time. The autocatalytic step
createsafeed-back |oop which, in asequence of chemical
reactions, is defined astheinhibition or activation of one
step in the reaction by a product of a later step in the
reaction.

The simplest reaction scheme which exhibits
sustained oscillations in time is the Lotka-Volterra
system. Thissystem, originally introducedin 1920 by A.
Lotka[27], and later modified by V. Volterra[28] for use
in ecology, is modeled by the following set of reactions:

k1
A+ X > 2X,

K,
X, + X, = 2X,

k3
A2+X2—> A2+A3.

(LV)

We assume here that the concentration of A, is held
constant by contact with an externa reservoir, the
concentration of A, is constant during the course of the
reaction, and A is unreactive. Under these conditions,
the dynamics of the system are completely defined by the
changes in the concentrations of the two autocatalytic
intermediates X, and X,,.
The phenomenological rate laws for the LV reaction
scheme are
X, =ax - bx x, (3.23)

X, = -cx, + bx;x,,

where, if the volume of the reaction remains constant
during the course of the reaction, x=[X;] (i=1,2), a=k;

0.5+

X

Fig. 4. Solution curvesto eq. (3.23) of text showing the closed
trajectories indicative of periodic solutions.

[A], b=k, and c =k, [A,], with [A,] symbolizing the
initial concentration of the component A,. Numerical
integration of eq. (3.23), whichwill be considered further
in Part 4, showsthat the LV model has closed trajectories
(seeFig. 4), indicating theexistence of periodic solutions.
Until recently [29], however, the analytic form of these
solutions was not known. In Part 4, we present the
technique used to obtain the analytic solutions to eq.
(3.23).

ContinuedinterestintheLV problemisaresult of the
ease with which it can be modified to model avariety of
systemsin many different fields. Today, one of themain
applications of the Lotka-V olterra system isin modeling
theinteraction of biological species[30,31], not chemical
reactions. However, G. Rabal and co-workers [1] have
used the LV scheme, and amodification of this scheme,
to model pH regulated oscillating systems which were
designed for a continuously stirred tank reactor. The
modified reaction scheme which they [1] used is

k1
A+ A X
2 (MLV)
A+ A+ X 7 A
k3
A+ X +X, ™ 2X, + A,

The dynamical equations for this system are

X, = —ax + bx x, (3.24)
X, = ¢ -
where a =k, [Ag] [Axl, b =Kk; [Ay], and ¢ = k; [A]
[A]l. This system, which is similar to Lotka's 1910
reaction scheme [32], has an unstable critical point at
(c/a, a/b) [see Fig. 5], indicating that the intermediates
exhibit forced oscillations (i.e., oscillations that increase
in amplitude over time).
The next major advance in the study of chemical

bx x, ,

1.2+
1L
0.8+
06l
X,
04l
021

ol

020 0s 1 15 2

Fig. 5. Solution curvesto eq. (3.24) of text indicating growing
oscillations.



oscillatorswasin 1952, when A. M. Turing [33] showed
that a chemical reaction coupled with diffusion could
exhibit stable spatial patterns. Later, Prigogine and co-
workers [34,35] illustrated this phenomenon with the
reaction mechanism
k1

A — X

k,

1 1

A+ X = X, + A (BR)

k3
2X, + X, = 3X,

k4
—
X, = A,.

This mechanism, and any modifications to this
mechanism which possess a 3" order autocatalytic step,
are referred to as the Brusselator [36] (since Prigogine
and his associates were working in Brussels at the time).
Theintermediates X, and X, show sustained oscillations
intimewithout including diffusion. If diffusiontermsare
included, however, spatial patternsalso develop.  The
phenomenol ogical ratelaws, if diffusionisnot considered
and if the concentrations of A, (i=1,...,4) are constant
throughout the course of the reaction, are

X, =a-bx + cx12x2 - dx, (3.25)

x, = bx, - cx12x2 ,
wherea =k, [A,)], b=k, [Ay,],c=k;andd =k, The
solution curves of eg. (3.25) exhibit a stable limit cycle
(see Fig. 6). A limit cycle is a closed trajectory in
configuration space which has the property that every
trajectory sufficiently near thelimit cycle approachesthis
cycleeither ast — « (astablelimit cycle) or ast - -« (an
unstable limit cycle) [13]. When a stable limit cycle
exists, the structure of the oscillation will be stable for
small perturbations of theinitial values of x, and x,[13],
implying that the qualitative behavior of the oscillations
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Fig. 6. Thesolution curvesfor the Brusselator model illustrating
the existence of a stable limit cycle.

is less dependent on the initial concentrations of the
system.

Until recently [37], the LV reaction scheme and the
Brusselator were the only two-component reaction
mechanisms known which had intermediates exhibiting
sustained oscillations. N. Samardzija and co-workers
[37] have developed a method which allows them to
transform the Van der Pol [12,13] rate equations,

X1 T %

x, = —x + p(1
where [ is a positive constant, into phenomenological
rate laws which can be modeled by a complex (10 step)
reaction scheme with intermediates that show sustained
oscillations.

The first reaction known to exhibit both spatial and
temporal oscillations is the three-component reaction of
the cerium-ion catalyzed oxidation of malonic acid by
bromate in asulfuric acid medium [38,39]. Thereaction
mechanism proposed by Field, Kords, and Noyes (FKN)
for this so-called Belousov-Zhabotinskii reaction [2]
consistsof two processes, assummarizedin Table 1. The
first process, process A, isthe reduction of bromateions
by bromide ions through a series of oxygen transfers.
When the concentration of the bromide level goes below
acertain critical concentration, the reaction switches to
the second process, process B, which is the oxidation of
Ce(l1l) by the radical BrO," species. This reaction
autocatalytically produces bromous acid, which is a
component in thefirst process. The Ce(1V) produced by
the oxidation of Ce(I11) reactswith one of the products of
process A to produce the bromide ion. As the
concentration of the bromide ion increases past the
critical concentration, the reaction switches back to
process A. Thus, the bromide ion can be viewed as a
delayed negative feed back component [2,5].

A generalization of the FKN mechanism, generally
referred to as the Oregonator, leads to the following
reaction scheme [2,5]:

(3.26)

2
- X)X, ,

(OREG)

A, + X, & 2X, + X,
ky'

continued on next page
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X, & X, ,
ks
wherefisastoichiometric factor [5]. If therate constants
for the reverse reactions are close to zero, and the
concentrationsof A, Vi =1,...,4, are held constant, then
the rate laws for the Oregonator can be written
X =ax, - kxx, + bx; - 2k4x12 (3.26)
X, = —ax, - k,x x, + fkx,
Xy = kyx — ksxy,
wherea =k, [A,g] and b =k; [A,]. The solutions of eq.
(3.26) exhibit stable limit cycle behavior.

Using the law of mass action, N. Samardzijaand co-
workers [36] have transformed numerous well known
multi-dimensional dynamical systems, such astheRossler
rate equations [40], the Lorenz attractor rate equations

Table 1. FKN [2,5] mechanism for the Bel ousov-Zhabotinskii
reaction.

Process A

Br™ +BrO; +2H" ~ HBrO, + HOBr

Br~ +HBrO,+H" - 2HOBr

Br +HOBr+H" - Br, +H20)><3

Br, + CH,(COOH), - BrCH(COOH), + Br~ +H +)>< 3

2Br” +BrO; +3H " +3CH,(COOH),
- 3BrCH(COOH), + 3H,0

Process B
Bro, + HBrO, +H o 2BrO," +H,0
(Ce(III) +BrO,” +H"* -~ Ce(IV) + H,O0 + 2HBr02)>< 2

2Ce(IIl) + BrO; +HBrO, +3H "
- 2Ce(IV) + H,0 + 2HBrO,
2HBrO, - HOBr +BrO; +H*

Net Reaction
BrO, +4Ce(Ill) + CH,(COOH), + SH*
~ 4Ce(IV) + 3H,0 + BrCH(COOH),

Side Reactions
6Ce(IV) + CH(COOH), + H,0

~ 6Ce(III) + HCOOH + 2CO, + 6H *
4Ce(IV) + BrCH(COOH), + H,0

- 4Ce(IIl) + HCOOH +2CO, + SH™ +Br~

[41], and therate equationsfor theforced Duffing system
[42], into phenomenological rate laws which can be used
tomodel large multi-step chemical reaction schemes. The
intermediates in these schemes not only show oscillatory
behavior but also show chaotic behavior like period-
doubling (when the period of the limit cycle successively
doubles, causing the system to circulate twice around the
cycle before the initial concentrations are restored).

Since the first introduction of chemical reaction
schemes which possess rate equations exhibiting
sustained oscillations[27], and the discovery of an actual
oscillating chemical system [38,39], the theory of
oscillating chemical reactions has been an extremely
active area of research. Nevertheless, oscillatory
phenomena are still not well understood, mainly due to
the lack of a sufficiently developed mathematical
treatment of the highly nonlinear first-order differential
equations which model these systems. In the next
Section, a method for obtaining analytic solutions to
conservative dynamical systems possessing two degrees
of freedom will be developed and applied to the Lotka
Volterra (LV) model.

4. THELOTKA-VOLTERRA MODEL

A. Introduction

Since the Lotka-Volterra problem was originaly
posed in 1920 by Lotka[27], it has been one of the most
studied models for atwo-dimensiona dynamical system
exhibiting sustained oscillations. Among the reasonsfor
the popularity of thismodel are the relative simplicity of
the differential equations which characterize the system,
and the wide applicability of this system to a variety of
different physical, chemical and biological problems.

Thechemical reaction schemeoriginally developed by
Lotka[27] is

k1
A+ X 72X,
k,
X, + X 2%,
k3
A+ X, = A + A,

(LV)

which, when the concentrations of A;, A,, and A, are
assumed to be constant, leads to the rate equations given
by eq. (3.23), namely

X, = ax; - bx x,

X, = —cx, + bx x,,

wherea, b, and c areasdefined in Chapter 3. V. Volterra



[28] later recast this model in terms of the populations of
two interacting biological species, where one species
preys upon the other. Both Lotka[27] and Volterra[28]
generalized the two species model [eg. (3.23)] to an n-
dimensional system (GLV) modeled by therate equations

X, = €.Xx, + 1 E(x..x.x. , (4.1)
i 170 B,' = ity

forali=1, ..., n, whereeg, isthe coefficient of increase

or decrease of theith species, 3, measures the strength of

coupling of theith species to predator-prey interactions,

and o; gauges the interaction between the ith and the jth

Species.

The LV and GLV models have been adapted and
applied to neural networks [43], epidemiology [44], and
mode-specific coupling in lasers [45], as well as being
used in population biology [30,46] and chemical kinetics
[1,47]. Recently, V. Fairen and B. Hernandez-Bermejo
[48] showed that any set of kinetic equations can be
associated to an equivalent GLV representation by the
introduction of suitablecollectivevariables. Theseresults
have later been expanded for application to general
nonlinear systems [49].

Despitetheincreasing number of LV applications, the
analytic solutions to this problem have never been
explicitly determined until the present work. Since the
original publications[27,28], the systemwasknownto be
conservative, thusimplying that the solutionsare periodic,
but the analytic form of the solutions was unknown.
Many different techniques have been applied and
developed in the attempt to derive analytic solutions to
the LV model. One of the first methods applied when
trying to determine the nature of the solutions to an
ordinary differential equation is numerical integration,
since the numerical integration of an equation generates
data which can then be plotted alowing for the
visualization of solution curves. The technique of
numerical integration will be discussed and applied to the
LV model later in this Chapter. Another traditional
approach is linearization of the rate equationsin order to
simplify the system [50]. The linearization of the LV

model [51] leads to the rate equations

% = —cx, + 25
1 - 2
b

. _aC
x2—ax1 T,

which are the familiar differential equations for the
harmonic oscillator, and which have the general solutions
[51]

x(t) =4 + Becoswt + Csinwt

x,(t) =D + Ecoswt + Fsinwt,

where A, B, C, D, E, F (not al independent) are
determined by theinitial conditions, and w isdetermined
by a, b, and c. Other methods used in order to attempt to
determine directly analytic solutions to eg. (3.23) have
included decomposition methods [52], iterative solution
techniques [53], and perturbation techniques [54,55].
None of these methods|eadsdirectly to analytic solutions
to the LV model. Later in this Part, we present a direct
method involving a transformation which uses the
invariant of the LV system to derive the form of the
analytic solutions to eg. (3.23).

Another approach to obtaining analytic solutions to
the LV problem is to analyze the invariant, or first
integral, of the system, since the existence of a first
integral reducesthe systemto aone-dimensional problem.
Since Lotka's 1920 paper [27], the form of the first
integral of eq. (3.23), namely

A =bx +bx, - clnx - alnx,, (4.2)

has been known. Normally when the invariant for atwo-
dimensional systemisknown, theinvariant can beusedto
eliminate one of the variables. However, eg. (4.2) cannot
be easily solved for either x, or x, once given afixed A.
The inability to solve eq. (4.2) in a straightforward
manner hasled to the development of Hamiltonian forms
for the LV model. In the 1960s, E. H. Kerner [56]
showed that a simple logarithmic transformation of eqg.
(3.23) dlowsthe LV model to be written in Hamiltonian
form with the transformed eq. (4.2) being the
Hamiltonian. Kerner then expanded this logarithmic
transformation to make it applicable to the GLV system
[eg. (4.1)]. Recent interest in the Hamiltonian nature of
the LV problem has led to the rediscovery of this
transformation for both the two-dimensional and multi-
dimensional cases [57-60]. The ability to write a
Hamiltonian for the LV model led R. Dutt [61] in the
1970s to apply Hamilton-Jacobi theory to Kerner's
Hamiltonian, but because of the nontraditional formof the
Hamiltonian, only approximate solutions to the rate
equations could be obtained. In an attempt to develop a
traditional Hamiltonian for the LV model, T. Georgian
and G. L. Findley [11] transformed the two-dimensional
LV systeminto afour dimensional systeminvolving both
therate equationsand theaccel eration equations. Later in
this Chapter the Hamiltonian nature of the two-
dimensional LV model will bediscussedin greater detail.

The form of the invariants for the GLV model [eqg.
(4.1)] has been an important area of research in the past
few years. L. Cairé and M. R. Feix [62] used a Carleman
embedding method [63] to develop the linear polynomial
family of invariants for the GLV model, whereas B.
Grammaticos and co-workers [64] used a method based



ontheFrobeniusintegrability theorem[65] to develop the
same invariants for the three-dimensional case. The
study done by Grammaticos and co-workers was |ater
clarified by S. Labrunie [66], who derived the conditions
which must be satisified by polynomial first-integralsfor
the three dimensional LV system. Another technique
used by M. A. Almeidaand co-workers[67] to determine
the invariants for the GLV model is a Lie symmetry
analysis[68]. TheLiesymmetry method permitted M. A.
Almeida and co-workers to determine conditions on the
constants €, [, ; in eq. (4.1) which alow for the
existence of first integrals. As in the two-dimensional
case, the existence of invariants for the GLV system has
led to the study of the Hamiltonian nature of the GLV
system[69,70] in an attempt to devel op anal ytic solutions
to the GLV model.

Although alarge amount of research hasbeen doneon
the conservative nature and Hamiltonian forms of the LV
and GLV systems, noneof thisresearch hasledto analytic
solutions for either model until now. In this Part, we
present (for background purposes) asimpletechniquefor
numerically integrating eg. (3.23). Then, with the use of
eg. (4.2), a coordinate transformation is introduced to
reduce the LV system to a one-dimensional problem,
which can be modeled by a second-order nonlinear
ordinary differential equation.  This characteristic
differential equationisthenformally integratedto givethe
guadrature which represents the analytic solution to the
LV problem. Finally, the Hamiltonian nature of the LV
model is explored from anovel perspective.

B. Numerical Integration

In the study of nonlinear differential equations,
analytic solutions are usually unknown; therefore, one of
the first steps in analyzing a nonlinear system is the
numerical integration of the differential equations for
different initial conditions.  Numerical integration
generatesaset of datawhich can be plotted, thusallowing
visualization of the solution curves which can help to
determine the stability of the system (as well as other
qualitative properties). Because of the frequency with
which thistechnique is used, many different methods for
numerical integration have been developed; all of these
techniques can be placed into one of three sub-divisions,
however: extrapolation/interpolation, single-step meth-
ods, or multi-step methods [71]. In this Section, a brief
introduction to these methods will be given, and then a
detailed explanation of one type of single-step method,
namely the Runge-Kutta method, will be presented and
applied to the LV model.

Extrapolation/interpolation methods involve the

approximation of an integral of the function f(t) over
someinterval (a,b) by asummation. Inother words[72],

b n

f fodt = L e
where the form of ¢, and t, are determined by the method
used, and where n determinesthelevel of approximation.
(For example, in the Newton-Cotes (NC) methodst; = t,
+ih,Vi=0,...,n,withh = (b-a)/n,t,=aandt,=bfora
closed NC method, and h = (b-a)/(n+2), t, = a+h, and t,
= b-h for an open NC method.) This method can only be
used if the differential equation can be written as afirst-
order, separable differential equation. (A separable
differential equation in this context is a differential
equation which can be written in the form x = f(t) g(x).)

Sngle-step and multi-step methods use weighted

average values of f(xt) taken at different points in the
interval t, <t <t,,,. Thisweighted averageisdefined by
[71]

k k

Xnak T E O X - * h EBixn+k—i ’
i=1

i=1

where h is the step size, or distance between the points
alonganinterval, and o, and 3, areconstants Vi = 1,... k.
If k =1, implying that the value of x is dependent on the
previousstep only, the method isasingle-step method. If
k > 1, the value of x is dependent on several previous
steps, and the method is known as multi-step. The
technique used for determining the constants ¢, and 3,
separate the different single-step or multi-step methods
[71]. Common single-step methods include the Euler, or
tangent-line method, and the Runge-Kutta method.
Common multi-step methods are the Milne Predictor-
Corrector method and the Adams-M oulton methods. The
most popular method for numerical integration, because
of the accuracy and ease of programming, is the single-
step Runge-K uttamethod which will now bediscussedin
more detail.

The single-step Runge-Kutta method involves the
general equation [71]

T
Xn+1 T X * Ewiki’
i=1

where w; is aweighting coefficient to be determined, r is
the number of f(t,x) substitutions, and

i1

k, = hf(tn+cih,xn+zaijkj] , ¢ =0,

j=1

forali=1, ..., r. Thedetermination of the parameters



W, ¢, and a; isdone by Taylor series expansion of X, in
powers of h, such that this expansion agrees with the
solution of the differential equations to a specified
number of termsin the Taylor series[71]. The number r
of terms in the Taylor series defines the order of the
Runge-Kutta method. The local truncation error for a
general Runge-Kutta method is proportional to h™**, and
the global truncation error for a finite interva is
proportional to h' [51]. Since both the error and the
stability of the numerical integration using aRunge-Kutta
method are related to the step-size h chosen for the
integration [71], J. B. Rosser [73] has developed
techniqueswhich allow the step-sizeto be adjusted during
the numerical integration. This modification allows the
Runge-Kutta methods to be used for stiff differential
equations. (A dtiff differential equation is one which has
at least one rapidly decaying solution [50,71].)

The most common Runge-Kutta method used for
numerical integration is the classic fourth-order Runge-
Kutta. Thismethod can be applied to both first-order and
second-order differential equations with only slight
modifications to the genera Runge-Kutta formula. The
general fourth-order Runge-Kutta formulafor numerical
integration of afirst order differential equation[x =f(t,X)]
is[74]

£ @D Z ) | %(kl(n) +2 kz(n) +2 k?’(n) + k4(n)), (43)

where

K® - hf(t<n>,x<n>)

k™ hf(t(“) s h,x® 4 hk;n)) .

When the differential equation is a second-order
differential equation [x =f(t,x,x)], the numerical integra-
tion formula becomes

5@ 4 %(kl(n) + kz(n) + kj(n))}

@D = @ 4

(4.4)
Jz(n+l) — .i:(n) + %(kl(ll) + 2k2(11) + 2k3‘(n) + k‘fn))

where

k® = pf(,x® 50)
kz(n): hf t+g’x(n) n g * (n) i gk(n) .i(n) + lk(n))

1 1
2

() _ h () h . () h m () 1 m
=hfl t+=,xW+ —_xW+ k7, x™+ =k
ky” = hf 5 5 g 5

k" = hf t+h,x(“)+h)'c(“)+gkgn),)'c(“)+k3(n)) .

All of the solution curves which are used as figure
illustrations in the present work were obtained by
numerically integrating therelevant differential equations
using one of the two Runge-Kutta methods presented
above.

The numerical integration of the LV system can be
accomplished inthreedifferent waysusing afourth-order
Runge-Kuttatechnique. Each of these methods produces
the same numerical results, although the stability of the
integration for different initial conditionsdiffersfor each
method. The first method is the direct numerical
integration of eq. (3.23) using eg. (4.3). This method is
easily coded asan executable program, or evenasamacro
in a spreadsheet, making the data easily accessible for
analysis. Thisintegration of the rate equationsis stable
over a wide range of initial conditions. The second
method involves the numerical integration of the second
time derivatives of eg. (3.23), namely

351=azx1—b2x12x2+b2x1x22+b(c—2a)x1x2 45)
X,=ctx,+ b2x12x2 - b2x1x22 +b(a-2c)xx,,
using a modification of eqg. (4.4). Although this method
produces the same numerical results, it isnot as stable as
the first method, which meansthat this method cannot be
used for extreme initial conditions. The fina method
numerically integrates the four-dimensional system
derived by expressing eg. (4.5) as asystem of first-order
differential equations. Thismethod proved to betheleast
stable of thethree methods used for numerical integration.

The numerical integration of the LV system [eq.
(3.23)] allows for the shape of the solution curves to be
visualized. The solution curves for x, and x, are doubly
periodic functions, with the solution of x, being slightly
out of phase with respect to x, (see Fig. 7). Thisdouble
periodicity suggests that the solutions to eq. (3.23) are
related to the family of elliptic functions [74]. Later in
thiswork, the relationship between the analytic solutions
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Fig. 7. The solutions of eg. (3.23) of text showing the doubly
periodic nature of x, and x,. (Curves are for the constant valuesa =
0.50,b=1.30, and c=0.67 and theinitial conditionsx,(0) =0.90 and
%,(0) = 0.30.

tothe LV problem, which will be derived in the next sec-
tion, and the elliptic functions will be shown.

C. Analytic Solutions[29]

The numerical integration of the LV problem allows
the solution curvesto be visualized, but does not givethe
form of the analytic solution. In this section, a smple
coordinate transformation will be presented which
reduces the LV system to a one-dimensional problem
characterized by a second-order nonlinear autonomous
ordinary differential equation. The integral quadrature
which represents the solution to this differential equation
is then derived.

Thedevelopment of the anal ytic solution to eg. (3.23)
begins by using the invariant A [eqg. (4.2)] to define new
coordinates z,(t) and z,(t) such that

212 + 222 = 1. (4.6)

Severa different ways of partitioning eg. (4.2) into two
new coordinates consistent with eg. (4.6) are possible.
We choose to define the new coordinates by placing the
linear terms of the invariant into one coordinate, and the
nonlinear terms of the invariant into another, to give

b 12
Zl=(X(xl+x2)) >

4.7
1 12
22=( —X(clnx1 +a1nx2)) .

This choice allows for the original coordinates x, and x,
to be expressed in terms of the new coordinates as

2 .
x, = ——(cz; - 2z,z,),
1 b(a-+c) 1 22, 49
A
, = b(a+o) (az; +2z,z,)

Because of eq. (4.6), the new coordinates can be written
asasingle angle ¢ defined by

tanp = z,/z, . (4.9)
With z; and z, now being defined as
z, = sind z, = cosd ,

both eg. (3.23) and thetime derivative of eg. (4.2) reduce
to the same second-order nonlinear autonomous ordinary
differential equation, namely

$ +|cotdh -tan¢ - 24 cos ¢ sind | h2
a+c
. (c—a)(l - sian))qS
a+c
(4.10)
1 A
- —ac(l - )tand)
2 a+c
_1lach sind cosp = 0.
2a+c

Since solving eg. (4.10) is equivalent to solving the rate
equations for the LV model [i.e, eg. (3.23)],
simplification of eqg. (4.10) isinorder. By defining anew
angle® =2 ¢, and by using the half-angle formulas[72],
eg. (4.10) reducesto

1) +(cotd> 1 A sind>)d.>2
2a+c
Leoagy|a-A (l—cos@)}(f)
2 a+c
(4.11)
+lac 2 - A (l—cos<I))]
2 a+c

x(cot® -csc®)=0.

Eqg. (4.11) still cannot be solved formally asyet, but it can
be further ssimplified by defining a new variable w as

1 A
= — 1 - o) ,
W= o ( cos @) (4.12)
which reduces eg. (4.11) to
W= w2 - (c-a)(w-1)w (4.13)

+acw(w-1) = 0.

Transforming eq. (4.8) to the new variable gives the
values of the original coordinates x, and x, as

x, = %(cw + W), Xx,= %(aw - w). (419

Eq. (4.13) canbeformally integrated using asymbolic
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Fig. 8. Numerical solution of eq. (4.13) of text showing the
doubly periodic nature of the formal solution, namely eq. (4.15) of
text.

processor [75] for the special case of a = ¢ to give the
analytic solution (via quadrature)
fof o= dw ,

0 I 12
a*w? + woe2W /

(4.15)

where t, and w, ar(é dependent on initial data. Eq. (4.15)
represents a new function. Numerical analysis of eq.
(4.13) using eqg. (4.3) shows that the implicit function w
isdoubly periodic (seeFig. 8), indicating arelationship to
the Jacobian ellipticfunctions[74]. Thisrelationshipwill
be explored further in the next Part.

When ¢ # a, the solution of eg. (4.13) is more
problematic, but straightforward. Thefirst stepinsolving
€g. (4.13) istherearrangement of theinvariant [eg. (4.2)]
toyield

bx. x. = _k_lel—a eb(xl+xz)/a
1772 b

) (4.16)
where o = c/aand k? = - b?> 2, Substituting eqg. (4.16)
into the rate equations [eg. (3.23)] gives
2
X, = ax + k—xll_a e Crr e
b (4.17)
2

-i'z = —aax, - %xll—a eb(x1 +Xx,)/a ’
which, upon using thetransformation given by eg. (4.14),
allows eqg. (4.13) to be written as

w-a*aw - a(l-a)w
(4.18)

e’ e v =

%(aocw+v'v)}

Eq. (4.18) can be formally integrated using a symbolic
processor [75] to give the analytic solution (via
quadrature)

t- 1, = wf lwa(e® - wH| ™ aw , (419
0

wheret,isaninitia datum and p solves

calba(o+1)W - baaef

(4.20)
+ kz(%) Ceer v gen | g

When o =1 (a=c), eg. (4.19) reducesto eg. (4.15), with
W, = K2

Even though eg. (4.18) cannot be integrated in terms
of known elementary functions, it does represent the
analytic solution to the LV problem, since substitution of
the values of w and w obtained from a numerical
integration of eq. (4.18) into eg. (4.14) generatesthe same
solutions as a direct numerical integration of eqg. (3.23).
An introductory analysis of eg. (4.18) using a power
series expansion will be presented in the next Part in the
context of generating analytical solutionstoal V-related
family of differential equations.

D. Hamiltonians

As mentioned in Section 4.A, agreat deal of interest
has been expressed in the Hamiltonian form of the LV
model, mainly because of the powerful solution
techniques which can be applied if a Hamiltonian exists.
Although the analytic solution to the LV model was
derived in the last Section without using a Hamiltonian
technique, in this Section we will review different
approaches to developing Hamiltonians for the LV
problem, since Hamiltonian methods are important when
considering the symmetry of the system.

In the 1960s, while studying the dynamical aspects of
chemical kinetics, E. H. Kerner [56] showed that the LV
model could be placed into Hamiltonian form using a
simple logarithmic transformation. This transformation
defined the position g and the momentum p as [56]

qg = Inx, , p = Inx, ,
which allowed the rate equations to be written as
qg=-(be? -a) , p =bel -c¢
The invariant for the transformed system is the
Hamiltonian and is defined by [56]
H= be?! + be? - cp - aq, (4.21)
which by direct differentiation with respect to q and p
yieldsHamilton’ sequations. ThisHamiltonian, however,
because of its nontraditiona nature, cannot be solved
using Hamilton-Jacobi theory or any of the other
advanced sol ution techniquesthat Hamiltonian dynamics
allows. (A traditiona Hamiltonian is defined by an
invariant having the form of eq. (2.27).)
In an attempt to develop a more traditional



Hamiltonian, T. Georgian and G. L. Findley defined a
possible reaction Hamiltonian as[11]

1 1

H=— () + ) - < (a*x
2 2 (4.22)
velxl+ bixlx)) - blxx,,
wherey, = x, and
¢ = —bx12 + (c-2a)x

4.23
= —bx22+(a—20)x2, (4-23)

which comesfromassuming that 0, X, =0, X, (9, = 0/0x
for i = 1,2). EQ. (4.23) was proposed initially as a
holonomic constraint [11]. However, the Hamiltonian
represented by eq. (4.22) is not constant because the
condition implied by eq. (4.23) does not hold for any
arbitrary trajectory (although it does hold for the critical
point). This approach does alow, however, for
modificationsin termsof acoordinate transformation and
an integrating factor.

We begin the modification of eq. (4.22) by defining
new coordinates g, and g, such that

q, = Inx, g, = Inx, ,

which transform the rate equations [eg. (3.23)] to

(4.24)

g, = - (be” - a), (4.25)
Thistransformationissimilar tothetransformationwhich
Kerner applied [56], except that both of the origina
coordinates are kept as position coordinates. The
Hamiltonian for the system can now be defined by

H = %(pf + D)+ V(gpd,) s (4.26)

where the form of the conjugate momentap, (i = 1,2) will
be discussed below, p = u(p,,p,) isan integrating factor
which will also be discussed below, and V is a potential
which solves

dV=V,dq +V,dq,
=-£ (.q.ldql + .q.quz) =0
with g, being the accelerations and £ = £(q,,q,). The

accel eration equations, derived by taking the second time
derivative of eg. (4.25), are

g, =-be?(be"-c),4,= -be" (be-a). (4.28)

In order for eg. (4.27) to be satisfied and for dV to be an
exact differential, the second derivatives of the potential
must commute. In other words,

82 (E .q.l) = a1 (E .q.z) > (4-29)
which givesthecharacteristic partial differential equation
interms of € as

€6 - £,4, = E|be(beh - o)
- bel(be” - a)

g, = be" - c.

(4.27)

(4.30)

The solution of eq. (4.30) for &, which defines the
potential since

= bequi(beql - ¢)dq,
+ bel f E(be™ - a)dg, (4.31)

- fal[é‘;'beq“(beq2 - a)]dq1 dq, ,

begins by defining a new function (q,,q,) such that

V’ 4 _ 42 B’
1 _|be'-c e L (4.32)
Va e’ be”-a B,
which is solved by
= b + b + i + i .
B=10bag +byg g (4.33)
If the potential is defined as V = - 3 , then the
accelerations [eg. (4.28)] can be written as
N B, . B,
g, = - , g, = - , (4.34)
: g 2 g
with € being defined as
_ 1
S e (4.35)
Thus, the Hamiltonian is now
B2 2 a c
H=X— -bgq,-bqg, - — - —.
5 1) bg, - by, o g (439
Hamilton's equations [eg. (2.28)] imply that
. 1, 2 2, 0
& = (ol + p) 8”1 +pp
. 1, 2 2, OM
4, = ~(pi + p3) tHp
22 T ap, P (437)
}.71 = -b+ <
et
- b+ a
D, o

which can be used to develop relationshipsfor p; (i = 1,2),
as well as the form of the function . At this time, we
have not investigated the functional form for either p, or
K other than the relationships given in eg. (4.37).



Another method which can be used to develop a
Hamiltonian for the LV system also uses the coordinate
transformation represented by eq. (4.24). G. D. Birkoff
[76] showed that any dynamical system with two degrees
of freedom can be transformed into a system possessing
alLagrangian

1o . .
L = E(qf Y gl ey g ta,g, vy, (4.38)

where o; (i = 1,2) and 'y are functions of ¢, and g, only,
and satisfy the following conditions:

. . oy
I +Ag, = —
(D g, 4, oa,
. . dy (4.39)
il -Ag, = —L
(1Ir) g, 4, oa,
oo oo
(1) = _1_ -7
dq, dq,

A Legendre transformation of eq. (4.38) defines the
Hamiltonian as

1
H = 5 (pl - al)z + (pz - a2)2 - Y, (4.40)
where the conjugate momenta p; are defined by

) _ 9L _ .
p1=a—q.1=q1+a1,p2=a—q.2—q2+a2, (4.41)

and where the potential y is determined by eqg. (4.39). If
we want the system to satisfy the condition that the time
derivative of themomentaequal theaccelerations, then ot
and o, must be constants for any set of initial conditions.
Therefore, we define o, and o, as

x, = A, ®, = -A, (4.42)
since A is invariant for any set of initial conditions.
Substitution of eq. (4.42) into eg. (4.39) givesthe partial
differential equations which the potential must solve.
Sincethe second derivativesof y commute, eg. (4.39) can
be integrated to define the potential as

— l 2 (2% + 24,
Y 2 b (e e (4.43)
- b(ce"+ae®) - (a+c)A .

With this definition of the potential, the Hamiltonian
becomes

H = (pl—A)2+(p2+A)2

| =

(4.44)

+ b(ce” +ae®) + (a+c)A ,

with the derivatives being given as follows:

0H

~— =p-A=g
ap, 1 1
oH .
——=pn+A=gq
op,
(‘%{ = [@+ M) - (o, - M| (B - ) (445)
1

ay .

U 4

dq, !
oH )
o _ [(p2+A)—(p1—A)](beq7 -a)
dq,

ay .

U

dq, 2

The partial derivatives of the potential 'y are:

9 _ (peh - ¢)

< (b - ¢) + (b -a) - be®]
Y - (be” - a)

x [(beql - ¢) + (be"-a) - beql] :

The Hamiltonian represented by eq. (4.44) is in the
traditional form, but with avelocity
dependent potential.

Since the system being characterized by eq. (4.44) is
afour-dimensional system, three constants of the motion
should exist. Two of the constants, namely the original
invariant [eq. (4.2)] and the Hamiltonian [eq. (4.44)],
have now been developed. As discussed in Part 2, the
Hamiltonian for a dynamical system can be used to find
the other constants of the motion by construction of a
Poisson bracket. If f(q,p) isaninvariant for thedynamical
system, then the Poisson bracket of f(g,p) with H [eq.
(4.44)] can be reduced using eg. (4.45) to the condition

(ﬂ + beqlﬂ) 4,

99 op, (4.46)

+ ﬁ—beqzﬂ q'2=0.
dq, op,



One approach to solving eg. (4.46) isto defineafunction
U such that

L' + beqla—IIJ =be" - ¢,
dq, op,
o _ beqza—IIJ = be®” - a,
dq, op,

which is solved by
Yy =p,-p, -cq - agq,. (4.47)

Theexistence of threeindependent invariants (represented
by A[eq. (4.2)], H[eq. (4.44)] and { [eq. (4.47)]) implies
that the system is completely integrable. (The linear
independence of the three invariants was checked by
computing the Jacobian of the system, whichisnon-zero.)
Completeintegrability impliesthat the LV system can be
represented by one independent variable, which was
shown explicitly in the last section.

5. LOTKA-VOLTERRA RELATED FAMILY OF
DIFFERENTIAL EQUATIONS

A. Development [77]

As mentioned in Part 4, the technique used to solve
the LV model leadsto afamily of LV-related differential
equations. In this Part, this family will be derived, and
the analytic solutions (which represent approximate
solutionsto the LV model) will be presented. Thefamily
of invariants for this system will be developed, and a
simple transformation will be shown which allows these
systems to be written in Hamiltonian form.

In Section 4.C, the rate equations for the LV model
were rewritten as [eg. (4.17)]

. k2 1-a b(x;+x,)/a
% = ax, + S ylebnrn)
1 1 b 1

. k2 1-a b(x;+x,)a
X, = —aoax, - —X c ’

wherek?=-b?e2, Introducing apower seriesexpansion
for the exponential term yields

o

. R HE 1 (B)\" .
xl—ax1+7x1 W(;) (%, +x,)
m=0 (5.1)

A family of differential equationsrelatedtothelLV model
can be derived by truncating the power seriesin eg. (5.1)
togive

n

.k HE 1(B)\" .,
xl—ax1+7x1 m(;) (x,+x,)

m=0 (5.2)

s _ k2 1-a 1 b m( + )m
x2— aaxZ ?xl ﬁ ; xl x2 .
0

m=

for n = 0,...,00, with n = o corresponding to the LV
model. (Although the value of k? can be any negative
number, for the systemto becomethe LV model asn - o,
k must be defined by k? = - b? €2 where A isthe value
of eg. (4.2) att=0.) Thefamily of differential equations
represented by eg. (5.2), even though it appears to be
more complicated than the original LV problem, will be
shown in the next Section to possess analytic solutionsin
terms of known functions for the cases when o =1 and n
< 3. Theintegral quadrature for the casesof n=2and n
= 3 will also be presented. Numerical integration of eg.
(5.2) showsthat for n > 2, the solution curves are closed,
whichimpliestheexistenceof periodic solutions(seeFig.
9). Thus, eqg. (5.2) representsafamily of two-dimensional
dynamical systems which show sustained oscillations.
Eqg. (5.2) may have applicationsin avariety of aress.
In the 1970s, J. J. Tyson and J. C. Light [6] developed a
technique for deriving two-component reaction schemes
modeled by equations similar to thisfamily. (Dueto the
complexity of the rate laws, however, no attempt was
madeto obtain analytic solutions.) Another areainwhich
this family may have applications is population biology,
since eg. (5.2), whenn =2 and o = 1, has the quadratic
coupling term which appears in the LV predator-prey

X, 2

X

Fig. 9. The configuration space trajectories of eq. (5.2) of text
for different values of n. The initial conditions for the numerical
integration where x,(0) = 0.70000, x,(0) = 0.55560 and the structural
constantswerea=1.0, ¢ = 1.0, and k=0.35845i (where i = \/—_1).



model [eq. (3.23)], as well as the quadratic terms
dependent only upon x; and x, (which is reminiscent of
the LV competition model [78]).

B. Analytic Solution [77]

In this Section, eg. (5.2) will be reduced to a one-
dimensional system model ed by asecond-order nonlinear
differential equation. The analytic solutions to this
equation in terms of known functionswill be derived for
the special cases ¢ = 1 and n < 3, and the integral
quadratures will be derived which represent the analytic
solutions for the special cases o« =2 and o« = 3. The
relationship between these analytic solutions and the
analytic solutionto the LV model [egs. (4.15) and (4.19)]
will be discussed.

Sincethefamily of differential equations represented
by eqg. (5.2) isdirectly related to the LV model, the same
transformation, namely eq. (4.14), can be used to reduce
thepresent systemto aone-dimensional problemmodeled
by the variable w(t). This one-dimensional system is
characterized by the second-order differential equation

w-a(l-a)w-a’aw

- k2

1 . l-a
3 (aaw+ w)] 5:3)

n

xzi((x +1)"w™"=0,
m!

m=0

forn=0,...,. Eg. (5.3), which asn - « becomes the
characteristic differential equation for the LV model [eq.
(4.18)], can beintegrated using asymbolic processor [ 75]
to give the quadrature

t -t = f[aoc(p -w)]| taw' (5.4)
0

where p is given by the solution to the polynomial

(n+)'aa|-baop®t+ba(a +1)w p*

n+l (55)

+k2(i) EL(MI)MW'M
ao m=0m!

foraln=0, ..., . EQ. (5.5) can be solved in terms of
radicals for o« < 3 with the aid of a symbolic processor
[75]. Numerical integration of eqg. (5.3) for a specified
value of o« > 0 and n > 1 shows that the solution curves
aredoubly periodic functionswiththe samegeneral shape

=0.

5 10 15 20 25 3
time

Fig. 10. The solution curves of eg. (5.3) of text when o« = 1 for n=
4 and n = o0, showing both the doubly periodic nature of the solutions
aswell as the order of approximation to the LV model.

asthat for the LV model (see Fig. 10). Asthevaueof n
increases, the solution curves of eg. (5.4) become better
approximations to the LV model.

When o =1, eg. (5.5) is a second order polynomial
which can be solved using the quadratic formulato give

n+1 12

/ 1| 2 /2 2 2" m
p=w+ —la*w*+k —~—w ,
a m!

m=0

which when substituted into eg. (5.4) yields the integral
quadrature

w
n+1 Y

t-ty== azw'2+k222—'w"” dw’. (5.6)
m!
m=0

0

Eqg. (5.6), which reducesto eqg. (4.15) when n = oo, can be
solved in terms of known functions for n < 3 (with the
use of asymbolic processor [75,79]); these solutions are
presented in Table 2. From these solutions it becomes
obviousthat thedoubly periodic natureof theLV problem
appears as aresult of the higher-order termsin the power
series expansion, sincethe solutionsfor then=0and n=
1 case are exponential (although the solution for the n =
1 case can become periodic when & < 2 k?). Elliptic
functions, like the solutions to then = 2 and n = 3 case,
are known for their doubly periodic nature [74].

For the case of o = 2, the solution of eg. (5.5) has
three branches which, when substituted back into eqg.
(5.4), give

w

1 11 2,12

-13
0 EPz +2a*w' “p,

-1
—aw’| aw’(5.7)



Table 2. Analytic solutionsto eqg. (5.6) of text for n < 3.

n Solution

Solution

2 2
0o W)= 1 gt KT (k2-a)e "% - LS
2a 2a2 a2

k2

2
wit) = = e W, K 2 _pyerremw Koy

27 22 22

where A = ya? + 2 k?

2 ‘/_k‘/ﬁl B,(t-1,)= F[sml[B 5

where Fis an dlliptic function of the first kind® and

2
iRt (RO
1 . 2, 4 2.2 4y 13
—g(l—lﬁ)k (a® +4a°k” -4k p,
1 a%2+2k% 1
[52=‘20T‘§(1 if3)k2p,”
-3 LBk (@t + 4a%k - 4k*)p;
B _ 1 a2+2k2_lk_2 13
3

4 2 4

with p, defined as
p, = -a%-6a*k?*-8k°

BJ B,-B,
B1_B3

P13 % k~2(a*+ 4a’k> - 4k)p; "

+4y3a2k*(5a2 - 4k%) + k3 (3a® + 8K3)

@k[(ﬁz - [34)“31 - I‘)’s)]l/z (t - to)

=F| sin”

[ By-BIw-BD|" (B, - BB, - Bs)
(Bl_ﬁ4)(w_ﬁ2) ’ (Bl_ﬁ3)(B2_B4)

where

Blz —l+§k_ [p1/3+(a +2k )2 -1/3 2(a2+k2)]1/2

2

+§k' [ 1/3+(a +2k%Yp, +4(a2+k2)

+22k(2k*-3a%) [p,” + (a®+2k>Yp;
12

_2(a +k2)]_1/2:|

5 @k T p” + (@ 287 p P - 2(a BTV

- Qk‘l [psm+(a2+2k2)2p3_1/3+4(a2+k2)
. 2\/_k(2k2 3a2) [p1/3 + (aZ + 2k2)2p3—1/3

12
_ 2(a + k2)]—1/2

B, = 2 ‘Fk TIpy" + (a+2k%)p; - 2(a? + k)]

- %k‘l{ +(a® + 2k2 p; P + 4(a® + k?)

+ 22k (2K - 3a?) [py" + (a® + 2k*Pp, ®
12

_ 2(a2 + k2)]—1/2:|

[34 - [k [p1/3+(a +2k2)2 ‘1/3_2(a2+k2)]1/2

1

2
_ %k_l |:p31/3 + (a2 + 2k2)2p3‘ + 4(a2 + k2)
+ 22k(2k*-3a%) [p;” + (a® + 2k*Vp; °

_ 2(a2 + k2)]—1/21| 2

with p, defined by
Py =a’+6a*k® - 24k*a® - 4k°

+2k* \/72a4k4 - 12k® - 114a°k* - 18a®

M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover, New Y ork, 1965).



and

t_tozf[‘%(lii\/g)l’zm

0 (5.8)
-a’(1+ i\/§)w'2p2_1/3 —aw' | aw’,
where p, is defined as
n+l
p, = 8a*w’? + 4k%b 3—w'”’
m!
m=0
n+1
m 59
+ 4| bk? ija—w"”(4a3w'3 59
m!
m=0
. 12
+ —bkzw"”]
m!

When the summation in eq. (5.9) is allowed to go to
infinity, egs. (5.7) and (5.8) represent the integral
quadratures for the LV model whena=2c.

When o = 3, the four solutions to eg. (5.5), upon
substitutioninto eg. (5.4), lead to theintegral quadratures
presented below:

t-t,= ﬁ— 2aw' £12a*w'? (3b2k*Sp,

0

_p31/3 _ 6a2w'2)—1/2 + g [(3 b2k2 Sp3‘1/3

_ p31/3 _ 6a2w12)1/2 + (3 b2k2Sp3—1/3 _ p31/3
-1

- 12a2w'2)]] aw’

and

t-t,= f[—Zaw'i12a3w'3(3b2k2Sp31/3

0

p - 6atw ) B ap2 R sp
_ p31/3 _ 6a2w12)1/2 ¢ (3 b2k2Sp3—1/3 _ p31/3

-1
- 12a2w'?) ]| dw’

where
p; = 3k*b*S[-9a*w'?
+ (3k%*b2%S + 8la*w'H)1?]

and
n+1
s= )y 2 m
m!

m=0
These analytic solutions to eq. (5.3) also represent the
solutionsto the LV model whena =3¢, if the summation
is alowed to go to infinity.

The integral quadratures presented above, although
not reducible to known functions, do represent analytic
solutions to eq. (5.3) for finite n, and to eq. (4.18) for
infiniten. Thenumerical integration of these quadratures
leads to periodic solutions which are indicative of a
conservative system. In the next Section, the invariants
for eq. (5.2) will be derived, and asimple transformation
which allows this system to be written in Hamiltonian
form will be presented.

C. Invariants and Hamiltonians [77]

The fact that eq. (5.2) possesses closed curves as
solutions (seeFig. 5.1) isindicative of the existence of an
invariant for the system. The derivation of the invariant
for any two-dimensional systemmodeled by aset of first-
order differential equations begins by taking the ratio of
the rate equations. For the system represented by eg.
(5.2), thisratio is

k2 1-« 1 b " m
ax, + —x —| = Oy +x,)
dx, b ‘ m!\ a

dx =
? K2 1w\ 1 (B)" m
—aox, - Txl —| =] Oy +x)

0

a

which can be rewritten as

n

2 m
-—aox, - %xll_“zi(é) (x; +x,))" |dx,

_Om! a
m (5.10)
2 m
sl
m=0 )

Eqg. (5.10) can be integrated to give



I = axl'xx2
= | (5.11)
kZEﬁal—mbm—Z(x1 +x2)m ,
=1

which can be shown by induction to bethefirst integral of
the system as follows.
The condition for eg. (5.11) to beinvariant is
dl

dt

= 0,1 x® + 9, x,® =0 (5.12)

where d|l, = dl/dx; and x(“) = X, for some specific value

of n. Whenn =0, eg. (5.12) can be written as

which simplifies to zero. Now, eqg. (5.2) can be written
recursively as

R R (A i
xk2blq 1y “(xp +x,) 0t

(5.13)
AR R (VAR

1-a 1
k27 a7 x4 ),

and |;,, [eq. (5.11)] can be rewritten as

Loy=1+[G+2)1"

xk?*b/a I (x; +x,)/"? (514)

Substitution of eg. (5.13) and the derivativesof eq. (5.14)
into eg. (5.12) gives, upon rearrangement,

dI'+ o (j o (j
athl ) (allfxl(])+azlfx2(’))

+ [(J+ 1)!]"1k2(x1 +xz)"+1bja'j‘1

xll_“(al 8[) ( )+x2('))],

X

which (since 0yl; x,9 + J,1,x,9 = 0 by assumption)

reduces to

-1 kija—j—l(x1 +x2)j+1

=[G+ D!]

(5.15)

x 1-o o _ o
Xq aocxl x2 ax

—

Expansion and rearrangement simplifies eg. (5.15) to
zero, thuscompl eting theproof that eg. (5.11) isinvariant.
Another method leading to the characteristic
differential equation [eg. (5.3)] for eq. (5.2) begins by
defining new coordinates z, and z, in the same manner as
developed in Part 4 for the solution to the LV problem.
The coordinate z, isdefined such that it contains only the
terms linear in x; and x, in the invariant, while the
coordinate z, contains the remaining terms of the
invariant. Applying the remaining coordinate
transformations of Part 4 reduces eg. (5.2) to eg. (5.3).
Thetransformation of eg. (5.2) into Hamiltonianform
begins by introducing new variables g and p such that

qg=x, p-= xlm_1 X, . (5.16)

This transformation alows the rate equations [eg. (5.2)]
for the system to be written as

g=aq+kq""
X i'a —m gm=- l(q_l_pqla)m
meo (5.17)
p=-ap - k[1+(1-a)pqg™]
n
x ¥ Lgmpmligepgi-eym,
m!

m=0

and theinvariant [eg. (5.11)] to be rewritten as

Hn=aqp+k2

n+1

| (5.18)
x _'al m f,m- 2(q+pq1 oc)m
m!
m=1

The derivation of Hamilton's equations from eq. (5.18)
may be shown simply asfollows. The derivatives of eqg.
(5.18) with respect to g and p are



aI_In = aq + kqu—oc
op
< ) Lampmifgipgte)
m!
™ (5.19)
oH
"~ ap+ K1+ (1-a)pge]
dq

n
g Ela_mbm'l(q cpgte),
m!
m=0

which by direct comparison with eq. (5.17) leads to
Hamilton’ s equations, namely

oH | q JH ]

dp 7 a dq P
TheHamiltonian of eg. (5.18), like Kerner’ sHamiltonian
for the original LV problem, does not treat both
coordinatesequally. Anextension of thissystemto afull
four-dimensional space in order to develop a more
traditional Hamiltonian hasnot been attempted. I1f amore
traditional Hamiltonian can be devel oped for thisgeneral
family of functions, the nature of the third invariant for
the general system could be compared to the third
invariant of the LV model [eg. (4.47)] to perhaps give
more insight into the symmetry of both the LV problem
and itsrelated family.

6. CONCLUSIONS

In this Review, we have presented the analytic
solutionsto the L otka-V olterraproblem. Our presentation
began with abrief discussion of the qualitative properties
of dynamical systemsin Part 2. This treatment was then
used in Part 3 for the devel opment and solution of therate
laws pertaining to various chemical reaction schemes.
Part 3 also provided a brief introduction to the study of
systems which exhibit sustained chemical oscillations.
Our study of chemical oscillations was then expanded in
Part 4 to amore thorough investigation of the LV model,
which led ultimately to the development of a new
coordinate transformation for the LV system. This
transformation [eqg. (4.7)] reduced the dimensionality of
the LV problem by one and allowed for the development
of an equivalent second-order differential equation [eqg.
(4.13)], which was then solved anaytically via
quadratures. These quadratures[egs. (4.15) and (4.19)],
although not capable of being integrated in terms of

known elementary functions, define new functionswhich
represent the analytic solutions to the Lotka-Volterra
problem. In Part 5, an introductory anaysis of these
analytic solutions was provided, one which led to the
development of a new family of LV-related dynamical
systems [eg. (5.2)]. This family of dynamical systems,
although appearing more complex than the LV system,
could in some instances be solved in terms of known
functions (Table 2). The Hamiltonian formsfor both the
LV problem (Section4.D) andthe LV -related family [eg.
(5.18)] werealsoexplored.  The analytic solutionsto the
LV problem represent, if fully analyzed, the definition of
new elliptic-type functions. The full analysis of any
guadrature begins by comparing the form of its solutions
to the solutions of known functions. This comparison
leads to the development of approximations to the
quadrature in terms of known functions, as well as to
insight into the nature of the function. For the analytic
solutions to the LV problem [eq. (4.19)], we began this
comparison by performing a power series expansion on
the exponential term in the quadrature. When a = c,
truncation of thisexpansionledto arelationship (givenin
Table 2) between this function and the family of elliptic
functions [74]. A future full analysis of eq. (4.19) will
involve showing that eg. (4.19) is convergent,
determining the exact nature of the two periods of the
solution, and defining the singularities of the function
(see, for example, E. T. Whittaker and G. N. Watson's
book on modern analysis [80]).

The coordinate transformation employed to solve the
LV model [eg. (4.7)], which involved thefirst integral of
the system [eq. (4.2)], may have the capability of being
generalized to an n-dimensional system suchasGLV (cf.
Part 4). For example, an integrable four-dimensional
system will possess three invariants. If two of these
invariants were known, four new coordinates z (i =
1,...,4) could be defined such that the system could be
represented by two angles ¥ and Q, with these angles
being given by

2 23
tan? = — and tanQ = = . (6.1)
Z2 Z4
With eg. (6.1), the old system could be represented by the
solution to two second-order characteristic differential
equationsin termsof ¥ and Q, which may or may not be
coupled. (The coupling would depend upon the nature of
the original invariants, and on how the coordinates z are
defined.) If the differential equations are coupled, it
might be possibleto use the same technique to reduce the
systemto onedimensionif aninvariantintermsof ¥ and
Q) can be found.
The determination of the invariants of any n-



dimensional system, however, is a problem in its own
right. This problem can be solved in part if the system
can be written in Hamiltonian form, since once a
Hamiltonian is known, the construction of the Poisson
bracket with ageneral function canleadtoinsight intothe
form of other invariants. The Lagrangian that Birkhoff
[76] developed for a two-dimensional system [cf. eq.
(4.38)] can begeneralizedto an n-dimensional Lagrangian
given by n

t Y, (6.2)

1.2 .
L = —qg. + 0.qg.
_1|:2ql lql

where o, Vi = 1,...,n, and y are functions dependent
only upon the coordinates q. These functions can be
determined as follows. For eg. (6.2) to truly define a
Lagrangian, Lagrange’' s equations [i.e., eg. (2.24)] must
be satisfied. This condition leadsto the function y being
defined by a system of n partia differential equations,
namely

a'Y .o E aOCi aOC]. .
— =g, - —1gq,, 6.3
aq qz ( aq] aql qj ( )

1 j=1

forali=1,..,n. If there exists aset of functions ¢, (i =
1,...,n) such that 'y possesses a complete differential (in
other words, if all of the mixed partial derivatives of y
commute), the system will be able to be written in
Lagrangian form. Once the Lagrangian is defined, a
Legendre transformation (defined in Section 2.C, above)
of eg. (6.2) leads to a Hamiltonian having the form

H = %E(pi_ai)z - Y (6.4)
i=1
where the momenta of the system p, are defined by
piEa—I:'=él.+ocl.. (6.5)
aq;

Once eg. (6.4) is determined for the system, the Poisson
bracket [i.e., eg. (2.31)] can be constructed and analyzed
in order to develop the other invariants for the system.
The existence of eg. (6.4) can also be used to determine
theanal ytic sol utionsto the system by applying Hamilton-
Jacobi theory [22].

The family of LV-related differential equations
developed in Part 5 [eq. (5.2)] represents a set of two-
dimensional systems which show sustained oscillations
(see Fig. 5.2). The applications for which these systems
may provide models have not yet been explored. It may
be possible (using the techniques of J. J. Tyson and J. C.
Light [6], or the approach of N. Samardzija and co-

workers [37]) to develop oscillating chemical reaction
schemes, modeled by eg. (5.2), in which the analytic
solutions to the rate laws are known in terms of well-
defined functions. Eq. (5.2) should also be able to be
recast in terms of complex interactions between
populations of biological species. This family of
dynamical systems clearly provides a rich analytical
ground for a plethora of future model studies.

ACKNOWLEDGMENTS

Thiswork was supported by the ULM Development
Grants Program and by the Louisiana Board of Regents
Support Fund (LEQSF (1997-00)-RD-A-14).

REFERENCES

1. G.Rébai, M. Orbanand|. R. Epstein, Acc. Chem.
Res. 23, 258 (1990).

2. R.Field, E. Koros and R. Noyes, J. Am. Chem.
Soc. 94, 8649 (1972).

3. G. Nicolisand I. Prigogine, Self Organization in
Nonequilibrium Systems (Wiley, New Y ork,
1977).

4. P. Glansdorff and I. Prigogine, Thermodynamic
Theory of Structure, Stability and Fluctuations
(Wiley-Interscience, New York, 1971).

5. R.J Fieddand R. M. Noyes, J. Chem. Phys. 60,
1877 (1974).

6. J. J TysonandJ. C. Light, J. Chem. Phys. 59,
4164 (1973).

7. Z.Yi,J. Math. Anal. 199, 391 (1996).

8. W.E. Stewart, W. H. Ray and C. C. Conley, eds.,
Dynamics and Modeling of Reactive Systems
(Academic Press, New Y ork, 1980).

9. G.R. Gavaas, Nonlinear Differential Equations
of Chemically Reacting Systems (Springer-Verlag,
New York, 1968).

10. C. Capellosand B. Bielski, Kinetic Systems:
Mathematical Description of Chemical Kineticsin
Solution (Wiley-Interscience, New Y ork, 1972).

11. T. Georgian and G. L. Findley, Hamiltonian



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Formulations of Chemical Kinetics, unpublished
manuscript.

F. Verhulst, Nonlinear Differential Equations and
Dynamical Systems (Springer-Verlag, New Y ork,
1990).

N. Minorsky, Nonlinear Oscillations (Van
Nostrand, New Y ork, 1962).

S. Lefschetz, Differential Equations. Geometric
Theory (Wiley-Interscience, New Y ork, 1963).

P. Hartman, Ordinary Differential Equations
(Wiley, New York, 1973).

F. Brauer and J. A. Hohel, The Qualitative Theory
of Ordinary Differenital Equations (W. A.
Benjamin, Inc., New Y ork, 1969).

A. A. Andronow and C. E. Chaikin, Theory of
Oscillations (Princeton University Press, New
Jersey, 1949).

H. Goldstein, Classical Mechanics, 2™ ed.
(Addison-Wesley, New York, 1981).

V. 1. Smirnov (D. E. Brown and |. N. Sneddon,
trans.), Advanced Calculus, Vol. Il (Pergamon
Press, New York, 1964).

A. E. Taylor and W. R. Mann, Advanced Calculus
(Wiley, New York, 1972).

J. B. Marionand S. T. Thornton, Classical
Dynamics of Particles and Systems, 4™ ed.
(Saunder College, Fort Worth, 1995).

C. Lanczos, The Variational Principles of
Mechanics, 4" ed. (Univ. Of Toronto Press,
Toronto, 1970).

P. Atkins, Physical Chemistry, 5" ed. (Freeman,
New York, 1994).

T. Georgian and G. L. Findley, Int. J. Quantum
Chem., Quantum Biol. Symp. 10, 331 (1983).

T. Georgian, J. M. Halpinand G. L. Findley, Int.
J. Quantum Chem., Quantum Biol. Symp. 11, 347
(1984).

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

T. Georgian and G. L. Findley, J. Comp. Chem. 8,
744 (1987).

A. Lotka, J. Am. Chem. Soc. 42, 1595 (1920).

V. Volterra, in Animal Ecology, R. N. Chapman,
ed. (McGraw Hill, New Y ork, 1926).

C. E. Evansand G. L. Findley, J. Math. Chem. 25,
105 (1999).

S. Levin, Sudies in Mathematical Biology (Math.
Assoc. Amer., Providence, R.1., 1978)

R. M. Buchsbaum and M. Buchsbaum, Basic
Ecology (Boxwood Press, Pittsburg, 1957).

B. Chance, E. K. Pye, A. K. Ghosh and G. Hess,
eds., Biological and Biochemical Oscillators
(Academic Press, New York, 1973).

A. M. Turing, Philos. Trans. R. Soc. Lond. B 237,
37 (1952).

I. Prigogine and G. Nicolis, J. Chem. Phys. 46,
3541 (1967).

I. Prigogine and R. Lefever, J. Chem. Phys. 48,
1695 (1968).

J. J. Tyson, J. Chem. Phys. 58, 3919 (1973).

N. Samardzija, L. D. Greller, and E. Wasserman,
J. Chem. Phys. 90, 2296 (1989).

B. P. Belousov, Sh. Ref. Radiats. Med., 1958,
Medgiz, Moscow, 145 (1959).

A. M. Zhabotinskii, Oscillatory Processesin
Biological and Chemical Systems (Science Publ.,
Moscow, 1967).

O. E. Rosder, Phys. Lett. A 57, 397 (1976).

E. N. Lorenz, J. Atmos. Sci. 20, 130 (1963).

P. Homes, Philos. Trans. R. Soc. London 292, 419
(1979).

V. W. Noonburg, SIAM J. Appl. Math. 49, 1779
(1989).



45.

46.

47.

48.

49.

50.

ol

52.

53.

4.

55.

56.

S7.

58.

59.

60.

61.

62.

63.

64.

M. R. Roussel, SIAM Rev. 39, 106 (1997).

E. Hofelich-Abate and F. Hofelich, Z. Physik 209,
13 (1968).

K. -i. Tainaka, Phys. Rev. Lett. 63, 2688 (1989).

Z. Noszticzius, E. Noszticzius, and Z. A. Schelly,
J. Phys. Chem. 87, 510 (1983).

V. Fairén and B. Hernandez-Bermejo, J. Phys.
Chem. 100, 19023 (1996).

V. Fairén and B. Hernandez-Bermejo, Math.
Biosciences 140, 1 (1997).

W. Boyce and R. DiPrima, Elementary
Differential Equations and Boundary Value
Problems, 5" ed. (Wiley, New York, 1992).

J. R. Brearly and A. C. Soudack, Int. J. Control
27,933 (1978).

S. Olek, SIAM Rev. 36, 480 (1994).

G. Czajkowski and P. Schillak, Nuovo Cimento
12, 1477 (1990).

K. N. Murty and D. V. G. Rao, J. Math. Anal.
Appl. 122, 582 (1987).

A. R. Hausrath and R. F. Manasevich, J. Math.
Anal. Appl. 157, 1 (1991).

E. H. Kerner, Bull. Math. Biophys. 26, 333
(1964).

Y. Nutku, Phys. Lett. A 145, 27 (1990).

E. H. Kerner, Phys. Lett. A 151, 401 (1990).
M. Plank, J. Math. Phys. 36, 3520 (1995).

E. H. Kerner, J. Math. Phys. 38, 1218 (1997).
R. Dutt, Bull. Math. Biol. 38, 459 (1976).

L. Cairé and M. R. Feix, J. Math. Phys. 33, 2440
(1992).

T. Carlemann, Acta Mathematica 59, 63 (1932).

B. Grammaticos, J. Moulin-Ollagnier, A. Ramani,

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

J. -M. Strelcyn and S. Wojciechowski, Physica A
163, 683 (1990).

J. -M. Strelcyn and S. Wojciechowski, Phys. Lett.
A 133, 207 (1998).

S. Labrunie, J. Math. Phys. 37, 5539 (1996).

M. A. Almeida, M. E. Magalhées, and |. C.
Moreira, J. Math. Phys. 36, 1854 (1995).

S. Lie, Vorlesungen Uber Differential
Gleichungen (Teubner, Leipzig, 1891).

M. Plank, Nonlinearity 9, 887 (1996).

C. Cronstrém and M. Noga, Nucl. Phys. B 445,
501 (1995).

L. Lapidusand J. H. Seinfeld, Numerical Solution
of Ordinary Differential Equations (Academic
Press, New York, 1974).

D. Zwillinger, CRC Standard Mathematical
Tables and Formulae, 30" ed. (CRC Press, Boca
Raton, Florida, 1996).

J. B. Rosser, SIAM Rev. 9, 417 (1967).

M. Abramowitz and |. A. Stegun, eds., Handbook
of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables (Dover, New
York, 1972).

MapleV, Rel. 4.00a, Waterloo Maple, Inc.,
Waterloo, Ontario.

G. D. Birkhoff, Trans. Amer. Math. Soc., 18, 199
(1917).

C.M. Evansand G. L. Findley, J. Math. Chem.
25, 181 (1999).

See, for example, M. A. Abdelkader, Int. J.
Control 35, 55 (1982).

Mathematica Rel. 3.0, Wolfram Research, Inc.,
Champaign, Illinois.

E. T. Whittaker and G. N. Watson, A Course of
Modern Analysis (Cambridge Univ. Press., New
Y ork, 1958)



